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The goal of this study is to assess the potential of the Stirling engine in alternative
energy applications including combined cooling, heating, and power (CCHP) and novel
waste heat recovery (WHR) technologies. A first and second law model is developed to
quantify Stirling engine performance and realize the crucial parameters in Stirling engine
design. In addition, analysis of systems employing the Stirling engine as a prime mover
can help justify particular design interests for the engine regarding certain applications. A
model of a CCHP system is developed with a Stirling engine prime mover. Sensitivity
analysis is performed on the CCHP system to gain a deeper understanding of how each
component affects the overall performance of the CCHP system. The main objective of
these analyses is to provide information on the feasibility of Stirling CCHP on the basis
of primary energy consumption and cost. Finally, the potential of the Stirling engine as a
waste heat recovery device is investigated. A thermodynamic model is developed to
provide estimates of Stirling engine performance based on an available waste heat stream
from any specific heat source, while suggesting practical design constraints on the engine
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based on bounds from the second law. These results are provided to strengthen the
feasibility of the Stirling engine as a bottoming prime mover rather than the central power
plant.
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CHAPTER I
INTRODUCTION
Over the past century, technological leaps have been made in the form of
developing and improving techniques for power generation. However, the increasing
strain on demand and escalating costs associated with energy and sustainability has
further increased the need for implementation of more efficient methods of power
generation. In addition, environmental concerns have imposed a challenge to be
considered in developing cleaner technology from an emissions viewpoint. As energy
becomes less abundant and more expensive due to higher demand, alternative energy
sources are generating heavy interest. Some sources of alternative energy include solar
energy, biomass energy, and research of alternate available prime movers. In addition to
these alternative sources, methods such as combined cooling, heating, and power (CCHP)
and additional power production via waste heat recovery (WHR) have arisen as a more
direct means of potentially improving current power generation technology.
1.1

Selective Review of CCHP Literature
CCHP systems are classically characterized by using a prime mover coupled to a

generator to produce electricity to meet the electrical needs of a facility. In addition, the
waste heat rejected for the prime mover is harnessed via heat recovery systems to provide
the facility‟s thermal demands. The thermal demands include hot water, cooling, and
heating. The cooling demand is met by providing heat to an absorption chiller, while
heating is accomplished through a fan-coil unit. A supplementary boiler is also included
1

to provide additional heat demand that may not be met by the prime mover‟s waste heat.
Combined heat and power (CHP) uses a similar scheme, excluding the provision of
cooling demands. The main characteristic that sets CCHP and CHP power generation
methods apart from conventional means is the utilization of fuel energy that is otherwise
wasted by being exhausted to the atmosphere. The usefulness of these systems must be
determined through savings in cost, primary energy consumption (PEC), and emissions
when compared to the conventional case.
Several researchers have investigated the use of CCHP and CHP systems for
residential and commercial buildings. Li et. al [2006] presented an evaluation of energy
use in CCHP systems and how these systems are generally compared to conventional
means. They proposed a more appropriate reference situation by considering more
practical performance (efficiencies) of the components making up the CCHP system
instead of assuming ideal efficiencies. In addition, they considered natural gas to be the
fuel for the reference condition (conventional generation) rather than coal. Their results
suggested that CCHP energy savings are conditional based on its operational mode. In
other words, energy savings are not intrinsic to CCHP systems. They reported that CCHP
systems almost always save energy in heating mode, but almost always waste energy in
cooling mode. They also showed that systems with larger electric loading tend to have
higher energy savings. Ehyaei and Mozafari [2010] provided a study of optimizing a
CCHP system using a micro-turbine to provide energy demands for a ten-storey
residential building located in Tehran. They considered three cases including providing
only electrical demand only with a gas turbine, providing electricity for electrical and
thermal demands (using conventional HVAC), and using CCHP with the micro-turbine to
provide all of the building demands. Their results showed that the initial investment for
2

the system would be as high as 40% of the total electricity cost. The CCHP operation
resulted in the highest net cost of electricity of about $0.32/kWh (including initial
investment). However, this method was found to be the most efficient based on energy
usage. Moran et. al [2008] investigated the performance of CCHP for small commercial
applications (<30 kW) systems using diesel and natural gas internal combustion engines.
They estimated the cost of the CCHP system as compared to conventional means of
power generation. In general, they reported system efficiencies of up to 80 percent during
the cooler months of the year. They also argued the importance of prime mover selection
and the dependence of operational cost on fuel price by comparing the results for 10 kW
natural gas and diesel engines. They indicated that the prime mover must be selected
based on its capability to provide high heating and cooling loads in addition to the
electricity required by the facility. Specifically, they reported an economically limiting
natural gas price of $11/MBtu ($0.0375/kWh) based on specified utility rates. Sanaye et.
al [2008] also investigated prime mover choice and nominal power selection in CHP
systems. They developed a selection method for prime movers including gas turbines,
gas engines, and diesel engines. Their results showed that ambient conditions, thermal
and electrical demands, fuel type and price, and excess buyback rates play the most
important roles in prime mover selection. The usefulness of their system was defined
through the Actual Annual Benefit (AAB) for cost. They simulated a case study for a
building in Saveh, Iran. They obtained AAB values as a function of the nominal power
for the three various engines. Their investigation provided insight as to how to maximize
the AAB by selecting the optimum nominal power based on specific prime mover. In
addition, they showed how fuel choice and excess electricity buyback conditions affected
the optimum nominal power for the system.
3

Operating strategy plays an important role in determining the viability of a
particular CCHP or CHP system. Common operating strategies include following electric
load (FEL), following thermal load (FTL), and hybrid strategies. Several researchers that
have studied the effect of operating strategy are Mago et. al [2009], Mago and Chamra
[2009], Hawkes and Leach [2007], Jalalzadeh-Azar [2004], and Chao-Zhen et. al [2008].
Mago et. al [2009] presented a performance analysis of CHP and CCHP systems
following different operating strategies in different climate conditions. They simulated
CCHP system operational characteristics for small commercial buildings located in
Boston, MA, San Francisco, CA, Columbus, MS, and Miami, FL. FEL and FTL
operating strategies for a natural-gas-driven internal combustion engine were considered
in the analysis. They presented results for PEC, cost, and carbon dioxide emissions
(CDE) for each location. Their results reported desirable reductions in PEC for the
thermal load following operating strategy for CCHP and CHP systems. For example,
Boston was estimated to have the highest reduction in PEC for FTL operation. Emissions
reductions were shown to be possible in areas where larger amounts of coal are utilized in
conventional power generation. The results also suggested that cost reduction is possible
in areas where the cost of electricity is relatively high. Mago and Chamra [2009]
presented an analysis of a CCHP system using different operation strategies. Specifically,
they investigated FTL, FEL, and hybrid operational strategies for a small office building
located in Columbus, MS. Additionally, they performed an optimization analysis for
objective functions of PEC, cost, and CDE to determine the operating strategy yielding
the highest reductions for each objective function. The building‟s electrical and thermal
demand data were obtained using the EnergyPlus software. Their results illustrated the
4

importance of choosing an optimum operating strategy for a particular CCHP system.
Their findings indicated that the largest potential for savings in PEC, cost, and CDE is
obtained when operating on an optimized scheme based on PEC reduction. By comparing
the results to conventional means, they estimated reductions of 7.5 percent and 4.4
percent for PEC and cost, respectively, for a CCHP system with FTL operating strategy.
The optimum reduction in CDE was found to be 14.8 percent for a FEC CCHP system.
Their results stressed the importance of the potential for reductions of PEC and CDE,
even though cost of operation may be increased compared to conventional means.
Hawkes and Leach [2007] investigated CHP system operating strategies that
could prove to be cost-effective. They investigated thermal load following, electrical load
following, and least-cost strategies for prime movers including a Stirling engine, gas
engine, and solid oxide fuel cell (SOFC). The results for the Stirling engine suggest that
for low electricity buyback rates (<£0.03/kWh), an electrical following strategy is most
effective for cost savings during winter. For higher buyback rates, following electricity
and heat load is recommended. If electricity buyback is available while operating a gas
engine during winter months, following electricity and heat load is recommended for the
lowest operational cost. In summer, the Stirling engine and gas engine are shown to
exhibit similar least-cost operating strategies. The SOFC system was shown to achieve
the highest reduction in operating cost and CO2 emissions when following the least-cost
strategy. In general, the least-cost operating strategies recommended for each case were
shown to not always result in favorable reductions of carbon dioxide emissions. In
addition, electricity buyback determined the extent of cost reduction for the least-cost
strategy. Jalalzadeh-Azar [2004] presented a study that compared electrical load
5

following and thermal load following operational strategies. He employed a baseline
building located in Atlanta, GA. The CHP system used micro-turbine prime movers,
single-effect absorption cooling, space heating, and hot-water heating. He presented first
law efficiencies for both operating strategies. The results illustrated that the true potential
of a CHP system cannot be assessed without absorption cooling for high cooling loads.
The efficiencies of the thermal load following system were shown to be nearly uniform
throughout the course of the simulation for a year. In general, the thermal load following
efficiencies were shown to be higher compared to the electrical load following case. His
results indicate that increasing efficiencies of absorption chilling and electrical equipment
yields increased energy savings. Chao-zhen et. al [2008] presented how certain types of
energy demand influence which operating scheme is optimal. They showed results for
cost and energy savings as functions of cooling to electricity and heating to electricity
demand ratios. Their results suggest that CCHP operation is more suited to buildings with
high heating demands. Additional research of applications of CCHP and CHP systems
pertaining to energy utilization, operating strategy, and power generation scale
(commercial or residential) has also been carried out to determine viability of these
systems in modern power generation. [Entchev et al. 2006, De Paepe et al. 2006, AlSulaiman et al. 2010, Onovwiona and Ugursal 2006].

1.2

Selective Review of WHR Literature
WHR is characterized by the harnessing of waste heat from any application to

provide additional output for a system. For example, the waste heat of an internal
combustion (IC) engine may be harnessed by another power producing cycle to produce
6

additional power that could be used for additional applications. This process results in
gains in total conversion efficiency for the fuel that is being used for the IC engines.
Srinivasan et. al [2010] discussed exhaust WHR using an Organic Rankine Cycle
(ORC). They presented a first and second law analysis of an R113-working-fluid ORC
making use of exhaust waste heat from a diesel engine using the advanced low pilot
ignited natural gas combustion strategy. They presented results for fuel conversion
efficiency (FCE), ORC evaporator exergy efficiency, and brake specific emissions for
various exhaust gas recirculation (EGR) percentages. Their results indicated an average
increase in FCE of about 7 percentage points and an average decrease of 18% in NOx and
CO2 emissions. The exergy efficiency of the evaporator was shown to primarily be
affected by the pinch point temperature difference for the evaporator, with EGR playing
an insignificant role. Schroeder and Leslie [2010] investigated the crucial characteristics
of working fluids for the ORC. Their results suggest that molecular weight, T-s behavior,
thermal and chemical stability, and critical properties play the most important role in
determining the best working fluid for a specific application. They presented fluid
decomposition characteristics as a function of temperature to provide insight for
applications based on operating temperature. Yamada and Mohamad [2010] proposed use
of a steam Rankine cycle bottoming a hydrogen internal combustion engine. They
indicated that the large amounts of post-combustion water, and the high temperatures
could provide the heat input and working fluid needed for the cycle to operate. Their first
law analysis indicated potential savings of up to 3.7 percentage points in FCE. Their
suggested application for a system of this type is providing battery power or additional
electrical needs.

7

Butcher and Reddy [2007] presented a general second law analysis of a WHR
power generation system using a heat recovery steam generator (HSRG). Using a varying
specific heats and gas composition, they presented second law efficiencies for the HSRG
as a function of the inlet temperature of the available exhaust stream. Their results
showed that higher exhaust temperatures result in higher second law efficiency due to the
larger availability of energy. Another useful application in WHR is the use of
thermoelectric materials for harnessing heat and providing electricity [Kyratsi, Hsiao et
al., 2009, Gou et al., 2010].
1.3

The Stirling Engine
When searching for alternative prime movers, the following points emerge as

favorable characteristics of prime movers that can be used in small-scale power
generation applications:
1. Should be fuel flexible - able to accommodate multiple fuels including
conventional fossil fuels such as gasoline, diesel, natural gas, propane, and
biomass-derived renewable fuels such as biodiesel, ethanol, synthesis gas,
landfill gas, etc (an essential characteristic of a future prime mover)
2. Should have high thermal efficiency
3. Should be able to support continuous operation on high load (high power
densities)
4. Should satisfy the regulartory levels of NOx and PM emissions (it is to be
noted that the requirements of low NOx and high efficiency are essentially
conflicting. The simultaneous achievement of both the objectives is
extremely challenging)
8

5. Should be environmentally friendly (low CO2 emissions)
6. Low initial and maintenance cost (should avoid expensive after-treatment
strategies)
In general, the Stirling engine arises as a potential candidate that fits these
favorable characteristics. Theoretically, this prime mover is capable of lower emissions,
higher thermal efficiency, and lower maintenance when compared to internal combustion
(IC) engines, which are the most commonly employed prime movers. However, one
disadvantage that lies with the Stirling engine is poor power density in comparison to IC
engines. The Stirling engine operates on a closed thermodynamic cycle that is very
different from conventional IC engines, which do not actually operate on a
thermodynamic cycle. In fact, the Stirling cycle is the closest approximation to the Carnot
cycle and therefore is theoretically one of the most efficient heat engine designs that can
be operated across a given temperature difference. The engine was originally invented by
the Scottish minister Dr. Robert Stirling, and patented in 1816 [Thombare and Verma
2008]. In Stirling‟s original patent, the regenerative concept of the engine was stressed by
the inclusion of a regenerator type heat exchanger housed by the engine. By recovering
and delivering energy from and to the working fluid, the regenerator serves to limit the
amount of additional heat input or rejection from the external source or sink. This
regeneration makes the engine capable of higher thermal efficiency. Stirling referred to
this particular heat exchanger as the economiser [Stirling, 1816]. The classical Stirling
engine houses five specific “chambers” to aid its operation. The chambers housed by the
engine include the compression, expansion, heater, cooler, and regenerator volumes
[Urieli and Berchowitz 1984].

9

Common working fluids for the Stirling engine include air, helium, and hydrogen
[Thombare and Verma 2008]. The driving mechanism for the engine is the temperature
difference between the hot and cold sides of the engine. The cold-side temperature of the
engine can be maintained by various means such as ambient air or some coolant. The
hot-side temperature can be maintained by providing an external heat source. For this
reason, the Stirling engine is commonly referred to as an „external combustion‟ engine.
Examples of external heat sources may include burning combustible fuels, utilizing solar
energy, and burning biomass [Nightingale 1986, Stirling Energy Systems 2008, Palsson
et al. 2003]. Due to the flexibility of the external heat source, the Stirling engine is a
promising candidate for renewable fuel applications. In addition, the Stirling engine may
be considered as an application for waste heat recovery such as bottoming another prime
mover.
1.3.1

Selective Review of Stirling Engine Literature
The thermodynamic performance of Stirling engines has been investigated by

several researchers in open literature. Specifically, applications of the first and second
laws to reveal limits on Stirling engine design have been studied. The first law is
primarily useful in determining the losses that occur for a particular system. However, the
second law furthers the analysis by indicating the influence of design parameters on
losses for the system while identifying pathways for exergy destruction. Therefore, every
first law analysis should be coupled with the second law to further quantify where losses
occur in a system, and how to minimize these losses. Several researches have laid the
framework for second law and exergy analysis – based design of thermal systems over
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the years [Keenan 1951, Kestin 1980, Gyftopoulos 1997, Rosen 1999, 2002, Gaggioli
2002].
Kongtragool and Wongwises [2006] developed a first law model for the ideal
Stirling cycle that considers dead volumes of the engine and regenerator effectiveness.
They assume that the regenerator temperature operates at an arithmetic mean temperature
of the hot and cold side temperatures. For this case, the net work output of the engine was
shown to not vary as function of the regenerator effectiveness. They demonstrated that
low dead volume and high regenerator effectiveness are desirable. However, they did not
consider a second law analysis to quantify the losses due to dead volume, heat transfer, or
imperfect regeneration. Tlili et al. [2008] carried out a similar analysis while including an
irreversibility parameter, RS, to investigate how the level of internal irreversibility affects
the engine performance. They presented results for work in the expansion and
compression processes, total heat addition, and thermal efficiency. Their results indicated
that the work producing processes are directly affected by the measure of irreversibility
of the cycle. The irreversibility parameter is also shown to more strongly influence the
cycle performance in comparison to other parameters for the engine. However, their
results do not quantify particular second law analysis of the heat exchange processes or
irreversibility due to regenerator temperature difference. A more thorough investigation
is needed to determine the particular pathways for exergy destruction for the cycle.
Martaj et al. [2006] performed an exergetical analysis and design optimization
study for the Stirling engine. They assume reversible compression and expansion process
in their analysis to obtain their expressions for entropy generation. In particular, they
develop relationships for entropy generation due to heat transfer across temperature
differences for the hot and cold heat exchangers and the regenerator. By combining this
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analysis with results from the first law, they related the heat transfer processes to the
surface area of the heat exchangers. They performed an optimization analysis for
maximum power, thermal efficiency, and exergy efficiency while minimizing entropy
generation. The results were optimized with respect to the ratio of cold heat exchanger
surface area to total heat exchanger area of the engine for various engine cyclic
frequencies. For example, they obtained an optimum exergy efficiency of 65 percent with
a cold heat exchanger area to total heat exchanger area ratio of 0.550. Martaj et al. [2007]
carried out a first and second law analysis for a low temperature difference Stirling
engine assuming steady state operation. They provided results for thermal efficiency,
exergy efficiency, and entropy generation due to temperature difference in the heat
exchangers and regenerator. The results were presented as functions of regenerator dead
volume ratio, temperature difference across the engine, and regenerator efficiency. In
general, the thermal and exergy efficiencies were shown to decrease with increasing
regenerator dead volume. Large temperature difference across the engine and high
regenerator efficiency were shown to be favorable for the engine‟s performance on a
basis of efficiency and entropy generation. Senft [1998] presented a mathematical model
of the ideal Stirling engine maximum attainable performance including consideration for
mechanical and thermal losses. The thermal losses of the Stirling engine are due to
temperature gradients in the engine allowing flow of thermal energy without conversion
to useful work. The mechanical losses include losses due to buffer pressure, friction
losses, and flywheel losses. Some of the model input parameters include, the ratio of cold
side temperature to hot side temperature, compression ratio, heat transfer coefficient
ratios. His results provide general insight to the engine‟s design by showing that peak
power and efficiency occur at distinct engine operating points. Timoumi et al. [2008]
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developed a dynamic model for performance optimization of the Stirling engine. The
losses in their model included pressure drops, thermal losses due to temperature
gradients, regenerator losses, shuttle effect losses, and gas spring hysteresis. They neglect
the effects of friction. The analysis assumes that the working fluid is an ideal gas and that
the cooler and heat walls are maintained isothermally. They verified their model by
comparing experimental results to the GPU-3 Stirling engine from General Motors. They
present detailed results for the different loss mechanisms as a function of the engine
crank angle. Power and efficiency are also shown to be heavily influenced by the thermal
conductivity and thermal capacity of the regenerator. Increasing thermal conductivity
decreases power and efficiency while increasing the thermal capacity has the opposite
effect. Optimum values for regenerator length and area are also determined on a basis of
net work and efficiency. The results from the model were shown to correlate well with
the GPU-3 engine. However, second law analysis was not included to determine the role
of irreversibility for engine.
Few researchers have suggested the use of Stirling engines in CCHP applications.
Kong et al. [2004] presented a model to determine the efficiency and economic feasibility
of a Stirling-engine-driven CCHP system. Their model accounts for a Stirling engine
operating on natural gas for locations in China. They reported primary energy demand
savings of up to 36 percent and illustrate the influence of natural gas price on cost savings
and payback period. However, their results do not consider the effect of engine size on
system performance as well as emissions. They specifically report payback periods of
3.36 and 2.14 years for Shanghai and Beijing, respectively. These payback periods were
determined based on references for energy prices and natural gas prices at the time.
Applications for residential and rural applications in Stirling engine CHP have been
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proposed as potentially feasible solutions for alternative power generation [Roth et al.
2008, Podesser 1999]. The analysis of Stirling engines to determine their feasibility in
power generation from utilizing solar energy is also a topic of interest [Nepveu et al.
2009, Kongtragool and Wongwises 2008, Tlili et al. 2008].
1.4

Objectives
The goal of this study is to assess the potential of the Stirling engine in alternative

energy applications including CCHP and WHR by completing the following objectives:
1. A thermodynamic analysis of the Stirling cycle is developed to quantify
Stirling engine performance based on the first and second laws of
thermodynamics. By understanding the thermodynamics of such an
engine, one can realize the crucial parameters in Stirling engine design. In
addition, analysis of systems employing the Stirling engine as a prime
mover can help justify particular design interests for the engine regarding
certain applications.
2. A model of a CCHP system is developed with a Stirling engine prime
mover. Sensitivity analysis is also carried out to gain a deeper
understanding of how each component affects the overall CCHP system.
The main objective of this analysis is to provide information on the
feasibility of Stirling CCHP from a standpoint of PEC and cost.
3. Finally, the Stirling engine is investigated as a waste heat recovery
application. A thermodynamic model is developed to provide estimates of
Stirling engine performance based on an available waste heat stream from
any source, while placing design constraints on the engine using bounds
14

provided by a second law analysis. These results are provided to
strengthen the feasibility of the Stirling engine by using it as a bottoming
prime mover rather than the central power plant for a system.
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CHAPTER II
THERMODYNAMIC ANALYSIS OF THE STIRLING ENGINE
2.1

Introduction
This chapter discusses the thermodynamic performance of an ideal Stirling cycle

engine. This investigation uses the first law of thermodynamics to obtain trends of total
heat addition, net power output, and thermal efficiency with varying dead volume
percentage and regenerator effectiveness. Second law analysis is used to obtain trends for
the total entropy generation of the cycle. In addition, the entropy generation of each
component contributing to the Stirling cycle processes is considered. Variation in
operating temperature is also studied to further quantify these contributions under
different operating conditions. Specifically, parametric studies of dead volume effects
and regenerator effectiveness on Stirling engine performance are investigated. Finally,
the thermodynamic availability of the system is assessed to determine theoretical second
law efficiencies based on the useful exergy output of the cycle. Results indicate that a
Stirling engine has high net work output and thermal efficiency for low dead volume
percentages and high regenerator effectiveness. For example, compared to an engine
with zero dead volume and perfect regeneration, an engine with 40 percent dead volume
and a regenerator effectiveness of 0.8 is shown to have approximately 60 percent less net
work output and a 70 percent smaller thermal efficiency. Additionally, this engine results
in approximately 9 times greater overall entropy generation.
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2.2

System Overview
A conceptual schematic of the Stirling system under study is illustrated in Figure

2.1(a). Figure 2.1(a) specifically shows the “chambers” that make up the entirety of the
engine. Figure 2.1(b) shows an entropy flow diagram corresponding to each component
of the Stirling engine. Of particular importance are the heat exchangers. The hot-side heat
exchanger enables heat transfer between the source fluid and the working fluid in the heat
addition processes. Similarly, the cold-side heat exchanger enables heat transfer between
the sink and the working fluid in the heat rejection process. In practical Stirling engines,
the design of the hot-side heat exchanger poses serious challenges because the heat
exchange process occurs between hot, high pressure and temperature exhaust gases and
cool, low pressure and temperature Stirling engine working fluid.

Figure 2.1

(a) Classic Stirling engine (b) Diagram of Stirling engine system

From a thermodynamic perspective the inevitability of large temperature
gradients between the hot and cold fluids results in significant entropy generation or
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exergy destruction. Therefore, the sizing of the hot-side heat exchanger is critical and it
must be optimized subject to exergy destruction constraints. To minimize exergy
destruction in the heat transfer process the surface area of the heat exchanger could be
increased, i.e., higher heat exchanger effectiveness is favorable for higher efficiencies.
However, the cost and size of the heat exchanger increase significantly with increasing
effectiveness. Therefore, the designer is faced with a clear cost vs. efficiency trade-off.
This aspect of heat exchanger design clearly substantiates the need for detailed second
law-based entropy generation calculations.
Figure 2.2 displays the P-V and T-s diagrams of a typical Stirling cycle with
imperfect regeneration. The effect of heat transfer through a finite temperature difference
and incomplete or imperfect regeneration, which are the primary causes for decreased
first and second law efficiencies, is clearly illustrated in the T-s diagram presented in
Figure 2.2 (b). This figure was adapted from Costea et al. [1999]. However, the same
figure can be used to explain the Stirling cycle with ideal regeneration. For this case, the
total heat rejected (Process 4-1) is absorbed by a perfect regenerator and release to the
working fluid during Process 2-3. Both the heat rejection and heat addition processes,
Process 4-1 and Process 2-3, respectively, take place at constant volume. The other heat
rejection and heat addition processes, Process 1-2 ( Q out ) and Process 3-4 ( Q in ),
respectively, take place at constant temperature. On the other hand, in the case of an
imperfect regenerator, the cold working fluid is heated to T2’ and the hot working fluid is
only cooled to T4’, instead of T3 and T1, respectively (see T-s diagram). Therefore, the
total heat recovered or delivered by the regenerator is illustrated by Processes 2-2‟ and 44‟. Both Processes 2-2‟ and 4-4‟ take place at constant volume. The additional heat input
and rejection required from the external source and sink correspond to constant volume
18

( )
) on the T-s diagrams. Heat added or rejected in
Processes 2‟-3 ( Q in( ) ) and 4‟-1 ( Q out

these processes is a direct result of the effectiveness of the regenerator. These processes
are required to increase or decrease the temperature of the working fluid to the
temperature required for the isothermal Processes 1-2 and 3-4. In practical Stirling
engines the regenerator is expected to deal with 4-5 times the heat load of the hot-side
heat exchanger. This is done to reduce the heating load and reduce the cost of the hot-side
heat exchanger. Typically, high thermal capacity materials are used to construct the
regenerator include metal matrixes such as steel wool, wire mesh, packed balls, amongst
others. The ineffectiveness in regenerator design stems from reduced surface area
available for heat transfer. Therefore, it is important to finely resolve the metal matrix
used in regenerator construction [Thombare and Verma 2008].

Figure 2.2
2.3

Stirling engine cycle (a) P-V diagram (b) T-s diagram

Analysis
This section presents the analysis involved in developing the Stirling cycle model

based on the first and second laws of thermodynamics. For the purposes of this study, the
Stirling engine is considered to operate isothermally and internally reversible with a hot
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side temperature of T3 or (TH) and a cold side temperature of T1 or (Tc). External
irreversibility due to heat transfer across a finite temperature difference is considered.
The regenerator and heat exchangers are assumed to be adiabatic, i.e., there is no heat
exchange between the regenerator, heat exchangers and the surrounding ambient. The
engine is assumed to operate at steady state conditions with a cycle frequency, Ne, of
1500 cycles/min. The working fluid is considered to be air, although it is well recognized
that some practical Stirling engines use on-board hydrogen generators or compressed
helium as working fluids. The analysis performed using air as the working fluid may be
easily translated to other fluids of higher heat capacity such as hydrogen and helium.
Additionally, the engine is assumed to operate at a uniform pressure of 1 atm.
2.3.1

Regenerator Effectiveness and Temperature
The regenerator effectiveness is defined by the energy that the regenerator is able

to recover and deliver to the working fluid. Therefore, the regenerator effectiveness can
be expressed as



T2'  T1 T4'  T3

T3  T1 T1  T3

(2.1)

Generally, the temperature in the regenerator can be assumed to be the logarithmic mean
of the inlet and outlet temperatures, T2’ and T4’. This relationship is useful in defining the
mean regenerator temperature. However, Kongtragool and Wongwises [2006] reported
an infinite log mean regenerator temperature at an effectiveness of 0.5 due to the fact that
T2’ and T4’ are the same under this condition. Therefore, the regenerator temperature is
assumed to be the arithmetic mean of the inlet and outlet temperatures of the working
fluid to avoid this issue. Hence,
TR 

T2'  T4'
2
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(2.2)

By combining the definition for the regenerator effectiveness and the previous expression
for regenerator temperature, the arithmetic mean regenerator temperature can be
expressed in terms of T1 and T3 as follows:

T2'   T3  T1   T1

(2.3)

T4'   T1  T3   T3

(2.4)

TR 

2.3.2

T3  T1
2

(2.5)

Dead Volume
The total dead volume of the system includes the regenerator, heater, and cooler

spaces.

VDead  VDL  VDR  VDH

(2.6)

where VDL, VDR, and VDH are the dead volumes of the cooler, regenerator, and heater
volumes illustrated in Figure 2.1(a), respectively. Next, it is useful to define each dead
volume as a ratio of the total dead volume as follows:

k DL  VDL / VDead

(2.7)

k DR  VDR / VDead

(2.8)

k DH  VDH / VDead

(2.9)

Additionally, ratios defining the total dead volume to the total volume of the engine and
the total dead volume to the swept volume can be defined as follows:

k DT  VDead / VT

(2.10)

k sv  VDead / VD  VP 

(2.11)
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where VT is the total volume of the engine, VD is the displacer (compression) swept
volume, and VP is the power piston (expansion) swept volume. The total mass in the
engine is given by the sum of the masses in the compression (C), cooler (L), regenerator
(R), heater (H), and expansion (E) volumes as follows:

m  mC  mL  mR  mH  mE

(2.12)

The dead volume contribution may be written as [Tlili et al. 2008, Kongtragool 2006]

D

VDL VDR VDH


T1
TR
T3

(2.13)

This can be simplified with Equations (2.5) to (2.9), into the following form dependent
on the dead volume ratio, kDT.
k
k
k  k
D   DL  DR  DH  DT
TR
T3  1  k DT
 T1


Vswept


(2.14)

where Vswept = VD + VP.

2.3.3

First Law Analysis
This section of the chapter presents the equations used to determine the heat

transfer rate, net work output and cycle efficiency for the different processes illustrated in
Figure 2.2. Process 1-2 is the isothermal compression process for the working fluid.
Therefore, the heat transfer rate from 1 to 2 can be expressed as:

Q12  W12 

VC 2



VC 1

 V  DT1 

PdVc  mRT1 ln  D
V


DT
1 
 swept

(2.15)

where VC1 and VC2 are the volumes at their respective states. At the beginning of
compression the total volume is given by VC1 = Vswept + DT1 and the total volume at the
end of the compression process is given by VC2 = VD + DT1. Thus, the isothermal
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compression heat rejection is a result of the compression work over the range of
compression volumes and is dependent on mass, cooler side temperature, and dead
volume.
Process 3-4 is the isothermal expansion process for the working fluid. Therefore,
the heat added to the cycle during the isothermal expansion

Q34  W34 

VH 4



VH 3

 Vswept  DT3 

PdVH  mRT3 ln 
 VD  DT3 

(2.16)

The volume at the beginning of the expansion process is given by VH3 = VD + DT3, and
the volume at the end of expansion is given as VH4 = Vswept + DT3. Based on the above
relationships, the expansion heat addition is a direct result of the expansion work over the
range of expansion volumes. The heat addition in this process is dependent on mass,
heater side temperature, and dead volume.
Process 2-2‟ is the constant volume regenerator heat release to the working fluid.
The heat transfer rate can be expressed as:

Q22'  mcv T3  T1 

(2.17)

where ε is the regenerator effectiveness. This relationship defines the quantity of
constant volume heat addition in the regenerator during the process. Process 2‟-3 is the
constant volume external heat addition. The heat that must be added by an external
source in process 2‟-3 is given by

Q2'3  1   mcv T3  T1 

(2.18)

Process 4‟-1 represents external heat rejection at constant volume. The heat rejection
required to an external sink in process 4‟-1 is given as

Q4'1    1mcv T3  T1 

(2.19)
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The total heat addition is given as the sum of the two external heat input processes.
Therefore,


 Vswept  DT3 
 N e
Q in  mcv 1   T3  T1   k  1T3 ln 
V
DT

D
3




(2.20)

The total heat rejection is the sum of the two external heat rejection processes. Hence,


 V  DT1 
 N e
Q out  mcv   1T3  T1   k  1T1 ln  D
V

DT


1 
 swept


(2.21)

Thus, the total heat rejection and addition is dependent on the mass of the ideal gas
working fluid, regenerator effectiveness, hot side and cold side temperatures, and dead
volume. The net power is defined as the difference of the total heat input and the total
heat rejection as follows:


 V  DT1 
 Vswept  DT3 
 N e
  T1 ln  D
W net  mRT3 ln 
V

V

DT

DT

1 
3 
 D
 swept


(2.22)

Finally, the thermal efficiency is defined as the ratio of the net work output to the total
heat addition [Cengel and Boles 2002]. This relationship is given by

W

th  net
Q

(2.23)

in

2.3.4

Second Law Analysis
This section of the chapter presents the equations used to determine the entropy

generation in the cold-site and hot-site heat exchangers and the regenerator of the engine.
Entropy change balances are performed on each component illustrated in Figure 2.1. The
entropy generation in the hot-side heat exchanger is given as the difference between the
entropy changes of the hot working fluid and the source at the log mean temperature of
the source fluid stream, S Source .
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Q
T  Q 
S gen, HHX  S H  S SourceN e   34  mcv ln  3   * in  N e
 T2'  TSource 
 T3
*
is calculated as:
where TSource
*
TSource


TSource,in  TSource,out

(2.24)

(2.25)

T

ln  Source,in 
 TSource,out 

In Equation (2.22.1), S H is the sum of two entropy changes corresponding to the
isothermal Process 3-4 and the isochoric process 2‟-3. A similar entropy change balance
on the cold-side heat exchanger indicates that the heat exchanger‟s entropy generation is
the difference in the entropy changes of the cold working fluid and sink fluid.
Combining these entropy changes with the entropy change of the sink fluid, S Sink , gives

Q
 T 
Q
S gen,CHX  S Sink  S C N e   *out  12  mcv ln  4'   N e
 T1  
 TSink T1

(2.26)

where S C is the sum of two entropy changes corresponding to the isothermal process 1-2
*
and the isochoric process 4‟-1. The sink temperature TSink
is defined similarly to the

temperature term for the source fluid. The final component that must be considered for
the engine cycle is the entropy generation rate between the hot and cold side of the
working fluid.
Performing an entropy change balance in reference to the complete diagram
shown in Figure 2.1(b) between the hot and cold sides of the working fluid shows that the
internal entropy generation flow resulting from the irreversibility in the regenerator is:

S gen,R  SC  S H N e

(2.27)

Using Equations (2.22.1), (2.23), and (2.24), the regenerator entropy generation can be
expressed as:
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Q
 T T 
Q
S gen, R  S C  S H N e   12  34  mcv ln  4' 2'   N e
T3
 T1T3  
 T1

(2.28)

Finally, the total entropy generation between the source and sink fluids is defined by an
entropy change balance on the entire system between the source and sink fluids. The total
entropy generation can be expressed as the sum of the external and internal
irreversibilities by adding Equations (2.22.1), (2.23), and (2.25).

Q
Q
S gen,total  *out  * in  S gen,CHX  S gen,HHX  S gen,R
TSink TSource

(2.29)

Equations (2.22) to (2.25) are similar to the equations presented by Martaj et al. [2006]
with additional consideration given for the contributions due to the dead volume.
Source and Sink Fluid Temperature

2.3.5

Following the entropy balances on the heat exchangers, the process for
determining outlet temperatures of the source and sink fluids must be considered.
Therefore, an energy balance must be carried out on the respective stream of interest. For
both the source and sink fluids, the same process is carried out. Hence, a formulation for
the sink fluid follows similarly to the source fluid. The heat rate delivered by the fluid is
given by

Q in   HX CSourceTSource,in  T2'   CSourceTSource,in  TSource,out 

(2.30)

where CSource is the capacity of the source fluid exchanging heat with the working fluid,
and εHX is the heat exchanger effectiveness. The source outlet temperature of the
particular fluid and the sink outlet temperature can be determined as:

TSource,out  TSource,in   HX TSource,in  T2' 
TSink,out  TSink,in   HX TSink,in  T1 

(2.31)
(2.32)
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By assuming an inlet temperature for the source and sink fluid streams, the outlet
temperatures can be obtained from the above relationships. It is important to note that the
temperature given by T2’ is defined through the previous relationship for regenerator
effectiveness.
2.3.6

Exergy and Second Law Efficiency
The exergy input and useful exergy product of the system under study is

investigated. The dead state used in this analysis is ambient conditions of 1 atm and 298
K. The useful exergy product is the amount of thermodynamic availability input that the
system actually uses to produce the desired system effect of net work. The exergy input
for the system under study corresponds to the heat flow exergy delivered by the source
fluid. The heat flow exergy input for the source stream is given by


 input  Q in 1 


T0 

*
TSource


(2.33)

The amount of useful exergy product for the system is related to the net work
output of the engine. The net work output exergy corresponds to the working heat flow
exergies for the compression and expansion processes. Therefore, the useful exergy
product is defined as the difference in the two heat flow exergies directly related to the
net work output for the Stirling engine.









 product  Q34 1 

 T 
T0 
  Q12 1  0  N e
T3 
 T1 

(2.34)

where T0 is the temperature of the surroundings. The ratio of the exergy product to the
exergy input for the system is defined as the second law efficiency for the cycle [Bejan
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2006]. This ratio gives an idea of how much of thermodynamic availability is used to
successfully produce the desired effect for the cycle. Hence,

2 

2.4

 product
 input

(2.35)

Simulation Results
This section discusses the results obtained from the model developed in the

section 2.3. The input parameters used to simulate the model are presented in Table 2.1.
Some of the results include mass requirement, specific net work output, total heat
addition, and thermal efficiency. In addition, overall entropy generation, component
entropy generation, and second law efficiency are also presented. Parametric
investigations of dead volumes and regenerator effectiveness on Stirling engine
performance are performed. Dead volumes are the unswept volumes in the engine (see
equation 2.4). In theory the Stirling engine should have zero dead volume and 100
percent regenerator effectiveness to attain maximum thermal efficiency for a given heat
source and sink temperature combination. However, in real Stirling engines the dead
volumes can amount to about 50 percent [Thombare and Verma 2008], and the
regenerator is usually imperfect, i.e. it has an effectiveness, , less than 100 percent. As
discussed earlier in section 2.2, regenerators in Stirling engines are usually finely
resolved metal matrixes that provide for increased heat transfer surface, thereby, reducing
the energy that must be added in the heater and consequently resulting in higher thermal
efficiencies.
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Table 2.1

Analysis Input Parameters
Model Inputs
Heater Temperature ( T 3 )
Cooler Temperature ( T 1 )
Source Inlet Temperature
Sink Inlet Temperature
Ambient Temperature ( T o )
Heat Exchanger Effectiveness (Hot and Cold)
Compression Volume (V D )
Expansion Volume (V P )
Cooler Volume / Dead Volume ( kDL )
Regenerator Volume / Dead Volume ( kDR )
Heater Volume / Dead Volume ( kDH )
Engine Cycles Per Minute ( N e )

900 K
300 K
1400 K
298 K
298 K
0.8
0.005 m³
0.005 m³
0.2
0.6
0.2
1500

Figure 2.3 illustrates the variation of the total mass required by the system and
specific net work with the total dead volume. Mass is shown as a ratio of actual mass
required to mass for zero dead volume. As shown in Figure 2.3, the mass required to
produce a unit of work increases with increasing dead volume percentage. Alternatively,
for a particular fixed mass, the work will decrease as the dead volume of that mass
increases. This statement can be observed by the trend of net specific work in Figure 2.3.
The specific work approaches zero as the dead volume ratio tends to unity due to the
engine effectively approaching a limit of no working volumes. The results presented in
Figure 2.3 are in agreement with previous results from [Tlili et al. 2008, Kongtragool and
Wongwises 2006].
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Variation of mass of air and specific net work with dead volume percentage

The variation of the total heat rate addition with the dead volume percentage and
effectiveness is shown in Figure 2.4. As illustrated in Figure 2.4, the total heat rate
addition required for the cycle increases with increasing dead volume and decreasing
regenerator effectiveness. This is due to the additional heat input and rejection required
from the external source and sink increasing with decreasing regenerator effectiveness.
For an effectiveness of unity, results indicate that only a small amount of heat addition is
required. This is due to the fact that perfect regeneration implies that no supplementary
heat is required from external sources or sinks in processes 2‟-3 or 4‟-1. As discussed
earlier in section 2.2, the effectiveness of the regenerator should be as high as possible to
minimize the heating load on the hot-side heat exchanger. The implications of low
regenerator effectiveness are that the working fluid enters the compression phase at state
4‟ instead of 1, and the expansion phase at 2‟ instead of 3. This means the higher the
effectiveness closer will be points 4‟ and 1, and 2‟ and 3, respectively. Due to the
aforementioned considerations, in practical Stirling engines, it is useful to “over-design”
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(favor high effectiveness values) the regenerator to reduce the cost and size of the hot and
cold-side heat exchangers.
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Figure 2.4

Effect of varying dead volume and regenerator effectiveness on total heat
addition

Figure 2.5 illustrates the variation of the thermal efficiency with the dead volume
percentage and regenerator effectiveness. The results show that the thermal efficiency
decreases with increasing dead volume ratio and decreasing effectiveness. As the dead
volume ratio approaches unity, the thermal efficiency tends towards zero. This is a result
of effectively having a useful net work output approaching zero. The results presented in
this figure agree with the results of Figures 2.3 and 2.4 since increasing the dead volume
decreases the net work and increases the required heat addition. In addition, the trends of
the results presented in Figures 2.3 to 2.5 are in agreement with the previous research of
Tlili et al [2008] and Kongtragool [2006].
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Variation of thermal efficiency with dead volume and regenerator
effectiveness

Figure 2.6 shows the variation of the engine overall entropy generation rate with
dead volume and regenerator effectiveness. The entropy generated is shown to increase
with increasing dead volume percentage and decreasing effectiveness. Decreasing the
regenerator effectiveness translates to higher heat transfer rates to and from the system in
processes 2‟-3 and 4‟-1. Increased heat transfer rates across greater temperature
differences lead to an increase in the overall entropy generation as illustrated in Figure
2.6. From this figure it can also be observed that for a fixed dead volume ratio the overall
entropy generation rate can be decreased by selecting a heat exchanger with high
effectiveness.
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Variation of overall entropy generation with dead volume ratio and
regenerator effectiveness

Figure 2.7 shows the entropy generation rates for each component contributing to
the overall entropy generation. This figure illustrates the contribution of the hot- and
cold-side heat exchangers, and regenerator to the overall cycle entropy generation rate.
Figure 2.7(a) displays each of the component entropy generations with varying
regenerator effectiveness at a constant dead volume ratio of 0.4. This figure shows that
the contribution of each component strongly depends on the regenerator effectiveness.
For example, entropy generation for the heat exchangers is shown to decrease with
increasing regenerator effectiveness. At high regenerator effectiveness (for example
=0.8), the heat transfer required through the heat exchangers decreases. Therefore, the
entropy generation of these components should be smaller than for low regenerator
effectiveness (for example  = 0.2), where more external heat transfer is needed. The
entropy generation of the regenerator is shown to increase initially and decrease after
regenerator effectiveness values of about 0.5. For zero percent effectiveness, there is no
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regeneration. Therefore, no heat transfer processes are taking place via a regenerator and
the entropy generation should be small. Similarly, for 100 percent effectiveness, the
regenerator is perfect, and the entropy generation should become small. Therefore, at
very low effectiveness, the heat exchangers dominate the total entropy generation. At
high effectiveness, the total entropy generation is small, but it is commanded by the
irreversibility of the regenerator. Figure 2.7(b) displays each of the component entropy
generations for varying dead volume and a constant regenerator effectiveness of 0.8. This
figure shows that the contribution of each component strongly depends on the dead
volume. For an increasing dead volume, the total heat transfer required externally, i.e.
from the heat exchangers increases. Since the regenerator irreversibility involves dead
volume effects, increasing dead volumes increases this overall contribution. The results
also indicate that for a regenerator effectiveness of 0.8, the regenerator irreversibility
dominates the overall entropy generation for all ranges of dead volumes.
Figure 2.8 shows a comparison of the contributions from each component specific
pairs of regenerator effectiveness and dead volume percentage. Figure 2.8(a) illustrates
contribution percentages for a fixed dead volume ratio of 0.4, and regenerator
effectiveness of 0.2 and 0.8. Figure 2.8(b) shows the same percentages for fixed
regenerator effectiveness of 0.8 and dead volume ratios of 0.2 and 0.6. Figure 2.8(a)
illustrated that for a constant dead volume, for low regenerator effectiveness, the higher
contributor of the overall entropy generation rate is the hot-side heat exchanger. On the
other hand, for high regenerator effectiveness the higher contributor is the regenerator.
Similarly, at constant regenerator effectiveness, for low and high dead volume ratios, the
higher contributor of the overall entropy generation rate is regenerator.
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Component entropy generation (a) with constant dead volume (kDT = 0.4)
and (b) constant regenerator effectiveness (ε = 0.8)
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Another parameter of interest is the second law efficiency of the engine illustrated
by Figure 2.9. As shown in this figure, the second law efficiency decreases with
increasing dead volume ratio and decreasing effectiveness. Furthermore, as the total dead
volume ratio approaches unity, the second law efficiency approaches zero. Since the
useful exergy output is dependent on the work produced in processes 1-2 and 3-4, as the
dead volume ratio tends to 1, the useful exergy output should tend to zero as illustrated
by the tendency toward zero of Figure 2.3. Therefore, the second law efficiency should
decrease as the dead volume increases. Increasing the regenerator effectiveness decreases
the amount of external heat transfer required in process 2‟-3 and 4‟-1. Therefore, the
exergy destruction in the system decreases as regenerator effectiveness increases, and
therefore, the second law efficiency should increase with increasing regenerator
effectiveness. The results of this figure agree with the results of Figure 2.6 since
increasing the dead volume ratio and decreasing regenerator effectiveness increases the
overall entropy generation, which decreases the second law efficiency.
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Figure 2.9

Second law efficiency with dead volume and regenerator effectiveness
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Simulations for different heater temperature were carried out. Figures 2.10 and
2.11 show the effect of the heater temperature on the entropy generation distribution for
constant dead volumes and constant regenerator effectiveness, respectively. Figure 2.10
shows the component entropy generation distribution for kDT = 0.4 and two regenerator
effectiveness values (0.2 and 0.8). For both cases, the entropy generation of the
regenerator and the cold-side heat exchanger increases with increasing heater temperature
while the entropy generation in the hot-side heat exchanger decreases with increasing the
heater temperature. For a regenerator effectiveness of 0.2, the component that presents
the highest percentage of entropy generation at 500K is the hot-side heat exchanger,
while the cold-side heat exchanger shows the highest percentage for a heater temperature
of 900K. On the other hand, for a regenerator effectiveness of 0.8, the component that
presents the highest percentage of entropy generation at 500K is the hot-side heat
exchanger, while the regenerator shows the highest percentage for a heater temperature of
900K. Figure 2.11 shows the component entropy generation distribution for regenerator
effectiveness of 0.8, and two kDT values (0.2 and 0.6). In general for both cases the
trends are similar, unlike the results presented in Figure 2.10. The regenerator and the
cold-side heat exchanger increases with increasing the heater temperature while the hotside heat exchanger decreases with increasing the heater temperature. For a kDT of 0.2,
the component that presents the highest percentage of entropy generation at 500K is the
hot-side heat exchanger, while the regenerator shows the highest percentage for a heater
temperature of 900K. Similarly, for a kDT of 0.6, the component that presents the highest
percentage of entropy generation at 500K is the hot-side heat exchanger, while the
regenerator shows the highest percentage for a heater temperature of 900K.
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Variation of the component entropy generation percentages with the heater
temperature for constant dead volume (kDT = 0.4) (a) ε = 0.2 and (b) ε = 0.8
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The results presented in Figures 2.10 and 2.11 indicate that a difference in the
emphasis for development of Stirling engines for specific applications have to be
considered for different heat sources such as combustion (where temperatures of 1000K
and above are common), solar (where the source temperatures will probably be closer to
500K), etc.
2.5

Conclusions
A Stirling engine model accounting for imperfect regeneration and dead volumes

has been developed based on a combined first and second law analysis. Results for heat
addition, net work output, and thermal efficiency were obtained using a first law
formulation. The second law was applied to determine entropy generation due to the heat
exchangers, and internal irreversibility of the engine. The second law efficiency of the
engine was formulated on a basis of exergy input and useful exergy output for the system.
By using the combined first and second law results, the effects of dead volume and
regenerator effectiveness on Stirling engine operation were quantified. In general, the
results indicate that the performance of a particular Stirling engine will decrease with low
regenerator effectiveness and high dead volumes. For example, results indicate that an
engine with 40 percent dead volume and regenerator effectiveness of 0.8 has a thermal
efficiency that is 30 percent of an engine with zero dead volume and perfect regeneration.
In addition, this engine results in approximately 9 times greater overall entropy
generation and 55 percent smaller second law efficiency. Some specific observations that
can be obtained from the model and its results are:
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1. The total work output and thermal efficiency decrease with increasing
dead volume ratio. This is because the total swept volume that is available
for work extraction decreases with increasing dead volume ratio.
2. Regenerator effectiveness is shown to be an important design parameter
because lower effectiveness requires greater heating/cooling load to
maintain the same thermal efficiency and therefore places the onus on the
design of hot-and cold-side heat exchangers.
3. Second law analysis has been used to examine component irreversibilities.
It is shown that for a given dead volume ratio, the hot and cold side heat
exchanger design, i.e. sizing and cost are dependent on regenerator
effectiveness. For example, at high regenerator effectiveness, say 0.8, the
entropy generation from both hot- and cold-side heat exchangers is
minimized. But, at low regenerator effectiveness, say 0.2, the hot-and
cold-side heat exchangers experience maximum entropy generation.
4. The effect of source temperatures on component entropy generation was
examined. It is shown that for constant dead volume ratio (kDT = 0.4) and
low regenerator effectiveness (=0.2), the component with maximum
entropy generation is the hot-side heat exchanger at low heat source
temperatures (about 500K). However, the component with maximum
entropy generation is the cold-side heat exchanger at high heat source
temperatures (about 900K). It is also shown that for a constant dead
volume ratio (kDT = 0.4) and high regenerator effectiveness (=0.8), the
component with maximum entropy generation is the hot-side heat
exchanger at low heat source temperatures (about 500K). However, the
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component with maximum entropy generation is the regenerator at high
heat source temperatures (about 900K). This analysis is particularly useful
because it clearly shows that design of different components (regenerator,
hot-side heat exchanger and cold-side heat exchanger) assume importance
depending on the nature of heat source being used (for example solar
heating versus combustion heating).
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CHAPTER III
APPLICATIONS IN BIOMASS-DRIVEN COMBINED COOLING, HEATING, AND
POWER
3.1

Introduction
Due to the soaring costs and demand of energy in recent years, combined cooling,

heating, and power (CCHP) systems have arisen as an alternative to conventional power
generation based on their potential to provide reductions in cost, primary energy
consumption, and emissions. However, the application of these systems is commonly
limited to internal combustion engine prime movers that use natural gas as the primary
fuel source. Investigation of more efficient prime movers and renewable fuel
applications is an integral part of improving CCHP technology. Therefore, the objective
of this chapter is to analyze the performance of a CCHP system driven by a biomass fired
Stirling engine. The study is carried out by considering an hour-by-hour CCHP
simulation for a small office building located in Atlanta,GA. The hourly thermal and
electrical demands for the building were obtained using the EnergyPlus software. Results
for burning waste wood chip biomass are compared to results obtained burning natural
gas to illustrate the effects of fuel choice and prime mover power output on the overall
CCHP system performance. Based on the specified utility rates and including excess
production buyback, the results suggest that fuel prices of less than $23/MWh must be
maintained for savings in cost compared to the conventional case. In addition, the
performance of the CCHP system using the Stirling engine is compared with the
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conventional system performance. This comparison is based on operational cost and
primary energy consumption. When electricity can be sold back to the grid, results
indicate that a wood chip fired system yields a potential cost savings of up to 50% and a
20% increase in primary energy consumption as compared with the conventional system.
On the other hand, a natural gas fired system is shown to be ineffective for cost and
primary energy consumption savings with increases of up to 85% and 24% compared to
the conventional case, respectively. The variations in the operational cost and primary
energy consumption are also shown to be sensitive to the electricity excess production
and buyback rate.
3.2

Description of CCHP System
This section presents an illustration of the CCHP model and its components.

Figure 3.1 shows a schematic of a general CCHP system with a Stirling engine. The
power generation unit (PGU) consists of the Stirling engine coupled to a generator for
production of electricity, which can be provided directly to the building. In addition,
waste heat is harnessed by a heat recovery system coupled to the prime mover. The
absorption chiller and heating coil units utilize the recovered waste heat to satisfy the
cooling and heating demands of the building, respectively. A boiler is used to provide
supplemental heat addition in case of the waste heat recovered is not sufficient to satisfy
the thermal demand. In general, the electric output of the engine may not be sufficient to
satisfy the electrical demand of the building. For this case, electricity may have to be
imported from the grid to supplement the output of the PGU. On the other hand, the
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building demand may fall below the actual output of the PGU. For this case, excess
electricity will be available for resale back to the grid or to export to other areas of
demand.

Figure 3.1
3.3

Schematic of Stirling engine CCHP System

Mathematical Model of Stirling Engine CCHP
For the purposes of this investigation, the power output of the engine is assumed

to be constant for an hour-by-hour time step simulation for an entire year. This constant
power output system is different from techniques in which an internal combustion engine
is used following either the thermal load or the electric load. Stirling engines are best
utilized for a constant output due to the difficulty in changing loads rapidly [Thombare
2008]. The constant electric load provided to the building is given by the electrical
output of the PGU, denoted Welec . The constant output should be determined based on the

46

electrical demands of the facility. The Stirling PGU fuel energy consumption as a result
of providing constant electrical output can be estimated as
Welec

FSE 

(3.1)

 hhx gen SE

where  hhx is the effectiveness of the heat exchanger used between the working fluid and
the external heat source,  gen is the efficiency of the generator, and  SE is the thermal
efficiency of the Stirling engine. The engine‟s thermal efficiency is assumed to be
constant for the simulation. The amount of waste heat that is recovered and available to
satisfy the thermal demand is given by
Qavail 

 hx chxWelec
 gen

 1   SE 


  SE 

(3.2)

where  chx is the effectiveness of the heat exchanger used between the working fluid and
the sink, and  hx is the efficiency of the waste heat recovery system. The amount of heat
required to satisfy the cooling and heating demands are given by Equations (3.3) and
(3.4), respectively. For cooling,

Qch 

Qcool
COPch

(3.3)

where Qcool is the building cooling demand at a specific time step, and COPch is the
coefficient of performance for the absorption chiller. For heating,

Qhc 

Qheat

(3.4)

 hc

where Qheat is the heating demand for the building at a specific time step, and  hc is the
efficiency of the heating coil unit. Therefore, the total heat required for cooling and for
heating are
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Qreq  Qch

for cooling

Qreq  Qhc

(3.5)

for heating

(3.6)

At each hour in the step, the thermal demand required could exceed the amount of
waste heat recovered and available for satisfying this requirement. Thus, an auxiliary
boiler is incorporated and the amount of supplemental heat required from the boiler is

QB  Qreq  Qavail

(3.7)

If the thermal demand is completely satisfied by the recovered waste heat from the PGU,
the boiler is not required, and QB  0 . The boiler fuel energy can be estimated as

FB 

QB

(3.8)

B

where  B is the thermal efficiency of the boiler. Accounting for the fuel energy for PGU
and boiler, the total fuel energy consumption is

Ftotal  FSE  FB

(3.9)

On the other hand, for some cases during the CCHP system operation, the
electricity generated by the PGU may or may not satisfy the electric demand of the
building. In these cases, either excess electricity could be produced or electricity will
need to be imported from the grid, respectively. Hence,

Eexcess  Welec  Ebuilding

Egrid  Ebuilding  Welec

if
if

Welec  Ebuilding

(3.10)

Welec  Ebuilding

(3.11)

where Ebuilding is the building‟s electrical demand. The total net electricity for the CCHP
system operation includes that which is imported from the grid to supplement PGU.

Etotal  Egrid  Eexcess
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(3.12)

The energetic value of CCHP systems operation must be determined through
savings in primary energy consumption (PEC). PEC is defined as the total amount of
energy usage, including the on-site usage and the losses that occur in the power plant
generation, transmission, and distribution [U.S. Dept of Energy 2007]. Evaluation of PEC
for CCHP operation should reflect savings at the power plant to prove as a viable option
for substitution in power generation. For example, the provision of fuel on-site (such as
waste biomass wood chips) and the limitation of importing electricity from the grid can
reduce PEC relative to the power plant as compared to the use of natural gas as a fuel and
electricity. Producing excess electricity can also reduce PEC by providing electricity that
can be used elsewhere without being produced at the plant. The PEC for the building
relative to the power plant is given by

PEC  EtotalECFPEC  FtotalFCFPEC

(3.13)

where ECFPEC and FCFPEC are the conversion factors accounting for the losses involved
with electricity production and natural gas, respectively. The PEC conversion factors
used in this study for electricity, wood, and natural gas are presented in Table 3.1. [U.S.
Dept. of Energy 2008]
Table 3.1

Primary Energy Conversion Factors
Source
Conversion Factor
Electricity
3.343
Wood**
1.00
Natural Gas
1.047
** Value Obtained from Luke-Morgan et al. [2008]
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3.4

Results and Discussion
This section presents the simulation results obtained for the CCHP model

developed in section 2.3. Simulations for a range of engine sizes were carried out using
waste wood chips as fuel and then compared with natural gas fuel simulations. Constant
output power and efficiency were assumed for the Stirling engine (PGU). The reference
case is a small office building (511 m2 floor area) located in Atlanta, GA and it was
simulated using the EnergyPlus [2009] software to obtain hourly electrical and thermal
(cooling, heating, and or water) demand data. The reference building uses a package air
conditioning unit for cooling and a furnace for heating. The COP of the package air
conditioning unit is 3.05 and the overall heating efficiency is 80%. The air distribution is
a single zone constant volume. Figure 3.2 illustrates the electrical and thermal demands
for the office building over the simulated year. The operational cost and PEC for the
CCHP system were evaluated and compared to the reference case for both fuel sources.
Additional results include the effect of excess production payback on the overall
operational cost and PEC, assuming electricity buyback rates equal to the import rate and
half the import rate. The simulation inputs used in this study are presented in Table 3.2
while the costs of electricity and fuels, wood chips and natural gas, are presented in Table
3.3.
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(a) Electrical and (b) thermal demand for simulated office
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Table 3.2

Stirling CCHP Performance Inputs

Variable
Stirling Engine Thermal
Efficiency
Generator Efficiency
Hot Heat Exchanger
Effectiveness
Cold Heat Exchanger
Effectiveness
Heat Recovery System
Efficiency
Absorption Chiller
Coefficient of Performance
CCHP Boiler Efficiency
Heating Coil Efficiency

Table 3.3

Symbol

Value

ηSE
ηgen

0.4
0.85

εhhx

0.8

εchx

0.8

ηhx

0.8

COPch
ηB
ηhc

0.7
0.8
0.8

Cost of Electricity and Fuel Sources for Atlanta

Source
Electricity ($/kWh) *
Natural Gas ($/kWh) *
Wood Chips ($/kWh)**
* Values obtained for October 2009 from Energy Star [2008]
**Value obtained from Luke-Morgan et al. [2008]

Price
0.097
0.0465
0.0112

The results for operational cost including and excluding excess payback for the
waste wood chip fueled CCHP system over a range of engine sizes is shown in Figure
3.3. Excess buyback rates are assumed to be percentages of the import rate of electricity.
Figure 3.3 illustrates that when excess payback is not considered, the optimum
operational cost for the CCHP system is achieved for a PGU operating with a constant
output between 7 and 8 kW. This operational point closely corresponds to the average
electrical demand of the office building over the year (7 kWh as shown in Figure 3.2).
When the effects of excess production are considered, the operational cost is seen to
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continuously decrease with increasing engine size. This can be explained by the low
price of the waste biomass fuel in comparison to the amount of payback received from
grid resale. When the buyback rate is equal to the import rate, it can be observed that for
engines size above 15 kW the excess electricity sold back to the grid offsets the cost of
the fuel and generates some revenues to the building owners. Cost reductions are shown
to be possible for an excess buyback rate equal to half the import rate, but generation of
revenues does not occur. In some locations the buyback cost can be higher than the
import cost when the electricity is produced using renewable fuels, which will make the
cost results presented in Figure 3.3 even more attractive.
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Figure 3.3

Comparison of cost as a function of engine size with and without excess
buyback for wood chip fuel

Figure 3.4 shows the PEC for the wood fuelled CCHP system (including and
excluding the effects of excess electricity production). This figure illustrates that the
PEC increases with increasing engine size when excess production is not considered.
This can be explained by the increasing demand for on-site fuel energy as the engine size
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becomes larger. The results presented in Figures 3.3 and 3.4 clearly illustrate that the
engine size that yields the best operational cost is not the same as the one that could yield
higher reduction of PEC. Therefore, the engine size must be selected based on the
particular needs of the location where the engine will be installed. In addition, there may
be a tradeoff between operational cost and PEC that provides a good operating point to
satisfy all the evaluated variables. Similar to the operational cost, the PEC is shown to
increase slower and be much smaller in comparison to the case where excess production
is not considered. However, it is important to mention here that selling electricity back to
the grid is not available at all locations. Also, if it is available it will strongly depend on
the buyback cost as indicated in Figure 3.3.
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Figure 3.4

Comparison of PEC as a function of engine size with and without excess
buyback for wood chip fuel

Figure 3.5 shows the operational cost of a 7 kW Stirling driven CCHP and
conventional systems over a range of fuel prices (any fuel). An operational point of 7 kW
was chosen because it corresponds to the average electrical demand for the simulated
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office building over the year. The case presented in this figure includes the overall cost
accounting for excess electricity payback. This figure clearly depicts the strong
dependence of the CCHP operational cost on fuel price. The intersection point between
the conventional and CCHP cases indicates a limiting fuel price for cost savings to occur.
If excess buyback is included, the limiting price is shown to be approximately $23/MWh
when the buyback rate is equal to the import rate. When the buyback rate is less than the
import rate, this price is shown to decrease. For example, at a buyback rate equal to half
of the import rate, the limiting fuel price is shown to be approximately $21/MWh as
shown in Figure 3.5. These results reveal that fuel costs of typical CCHP systems such as
natural gas that is in the range of $27-48/MWh (depending on the location and the
season) are not acceptable for a cost-effective operation of this system. Hence, interest
should be taken in available fuel sources that fall below the cost corresponding to the
intersection point.
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Figure 3.5

Operational cost of 7 kW Stirling CCHP and conventional systems with
varying fuel price with excess buyback included.
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In order to illustrate the advantages of using waste biomass fuel over other
common fuels, the Stirling CCHP model was simulated using natural gas as a fuel. Figure
3.6 presents the results for cost for the CCHP system operating over a range of engine
sizes including and excluding excess buyback using natural gas fuel. Due to the high
price of natural gas ($13.65/MBtu, October 2009), the cost of the CCHP system is seen to
continuously increase as the engine size increases. Again, this can be explained by the
increased fuel demand for more powerful engines. Even though less imported electricity
is needed, the increasing amount of fuel energy required along with its high cost
outweighs the offset electricity cost. Similarly, the increased fuel demand results in
increasing PEC with increasing engine power.
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Comparison of cost with and without excess payback included for natural
gas fuel

Figure 3.7 shows the PEC for a natural gas CCHP system that accounts for
systems with and without the influence of excess production. Figures 3.6 and 3.7 clearly
reinforce that excess payback contributes largely toward making CCHP an effective
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means for power generation based on cost and PEC. Therefore, areas where electricity
can be sold back to the grid are desirable for cost savings. The decrease in PEC shown in
comparison to the simulation with no excess consideration shows the effect of producing
electricity on-site that can be used to meet a demand elsewhere. This excess production
results in a significant reduction in PEC.
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Figure 3.7

Comparison of PEC with and without excess payback included for natural
gas fuel

A comparison between the conventional system and CCHP systems using 7, 10,
and 15 kW engines are presented for the waste wood chip fueled system in Figures 3.8a
and 3.8b excluding and including selling electricity back to the grid (at the same import
rate), respectively. In this figure, a negative value indicates savings versus the
conventional case while a positive value indicates that the CCHP system consumes more
than the conventional case. From Figure 3.8a it can be observed that for all three PGU
outputs, the operational cost is lower than the conventional case. When excess payback is
considered (Figure 3.8b), even higher cost savings are observed for all the three evaluated
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engine sizes. The on-site PEC (with Eexcess = 0), using waste biomass and electricity, is
higher than the PEC for the conventional case using electricity and natural gas. This may
be attributed to the high on-site fuel demand as a result of running the engine at a
constant output for an entire year. However it is important to mention that the PEC is
significantly reduced when the excess electricity production is considered in the analysis.
In addition, it is important to note here that even though the on-site PEC is higher than
the PEC for the conventional case, it comes from waste wood chips that otherwise were
going to be thrown away, wasting their energy content potential. Another way to analyze
the results presented in Figure 3.8 is that by using waste biomass to generate on-site
electricity and recover waste heat to produce cooling and heating, the power plant will
see a reduction on the amount of electricity and natural gas that has to be produced. In
other words, the amount of primary energy consumed at the power plant to produce the
electricity and natural gas to satisfy the building demand is significantly reduced by using
waste biomass wood chips.
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Comparison of wood chip fueled CCHP performance to conventional for
excess payback (a) excluded and (b) included (at the same import rate)
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Finally, Figure 3.9 presents a comparison of the operational cost and PEC with
respect to the conventional case for 7 kW natural gas and wood fueled CCHP systems.
The results presented in this figure include the effect of excess electricity buyback. It can
be clearly seen that the natural gas fueled CCHP system yields higher cost and PEC than
the conventional case for the evaluated engine size. The increasing cost reinforces the
trend shown in Figure 3.5 by noting that the fuel price for natural gas, as October 2009,
extends far beyond the acceptable intersection point for CCHP and conventional cases.
PEC shows large increases compared to the conventional system due to large natural gas
demand for the constant output PGU. On the other hand, the waste wood fueled CCHP
system reduces the cost with respect to the reference case. PEC is shown to increase, but
the increase is smaller than that of the natural gas system. By comparing the results for
each of the fuels, the importance of fuel selection is clearly indicated. Based on cost and
PEC, the wood fueled system is shown to have much better performance than the natural
gas system. This is due to eliminating the dependence on the power plant by decreasing
the use of electricity from the grid and providing the wood fuel on-site.
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Conclusion
This paper investigated the performance of a Stirling driven CCHP system based

on operational cost and PEC for a small office building located in Atlanta, GA. For this
simulation, the engine was assumed to operate under constant loading and thermal
efficiency. The influence of the source and cost of the fuel to drive the system was
investigated by comparing simulations for waste wood chip biomass with natural gas.
Fuel prices resulting in cost savings were determined by estimating the CCHP and
conventional operational cost as a function of the fuel price. The results provided
intuition regarding the limiting price for cost savings to occur. Specifically, desirable fuel
price has to be about $23/MWh when grid resale is possible for the CCHP to be
economically feasible as compared with the conventional case. Furthermore, the effect of
selling the excess electricity produced on the cost and PEC was presented for both fuels
simulations. The inclusion of excess electricity production decreases the overall cost and
PEC as compared to the conventional case. Hence, areas where electricity can be sold
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back to the grid are desirable for CCHP mode operation regardless of the fuel used to
drive the system. The natural gas simulation reported continuous increases in cost and
PEC, for increasing engine sizes. Results for a 7 kW simulation indicated increases over
85% for cost and 24% for PEC compared to the conventional case. On the other hand, the
simulation for waste wood-chip fuel suggests cost savings up to 50% over a range of
operating sizes while increasing the on-site PEC. An optimum cost operating point for the
biomass driven PGU was approximately shown to be the office building‟s average
electrical demand of 7 kW.
The biomass fired CCHP system and conventional comparison of cost and PEC
was also performed for engine sizes of 7, 10, and 15 kW. The comparison revealed
savings in cost when excess electricity is considered. For a 7 kW PGU, a decrease of 33%
for cost is obtained when excess production effects are not considered. When the excess
effect was considered for cost, reductions were estimated as 57%, and PEC is shown to
increase up to 18%. The dependence of CCHP systems on the economic and import
properties of fuel is clearly indicated by the results presented in this paper. The results
also indicate the usefulness of biomass applications for this type of system, which gives
strength to the Stirling engine as a prime mover due to its fuel-flexible nature.
The feasibility of CCHP system operation is shown to lie with the choice of prime
mover and fuel source. The prime mover must be fuel-flexible, and the fuel must be
readily available and cost-friendly in comparison to conventional resources. However,
implementation of these systems requires further investigation of on-site emissions
resulting from the prime mover and burning different types of fuels. For the substitution
of conventional power systems to become a reality, alternative fuel applications (i.e.
biomass, solar) must be investigated and employed.
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CHAPTER IV
SENSITIVITY ANALYSIS OF PROPOSED BIOMASS-DRIVEN STIRLING ENGINE
CCHP SYSTEM
4.1

Introduction
When wood chips are available and used to fuel a combined cooling, heating, and

power (CCHP) waste heat recovery system, they can represent an economically viable
source of biomass energy that can meet a facility‟s electric and thermal demands. Using a
Stirling engine as the CCHP prime mover provides several important advantages over
conventional internal combustion engines including no additional processing of the waste
wood chips, a potentially higher thermal efficiency, flexibility of fuel sources, and low
maintenance. This study shows how the operational characteristics of the proposed
Stirling CCHP system of Chapter III are affected by the performance of the individual
components including the prime mover, heat recovery system, auxiliary boiler,
absorption chiller, and heating coil unit. Figure 3.1 illustrates the proposed CCHP system.
The results are assessed by examining the primary energy consumption and operational
cost compared to a reference case. The analysis provides insight on the prime mover
sizing and selection of each component to properly implement the system. In addition to
examining the effects of each component, the effect of excess electricity production and
buyback are considered.
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4.2

Mathematical Model and Description of Reference Case
The mathematical model for the proposed CCHP system corresponds to that

presented in section 3.3. For the purpose of this study, a reference case is defined for
performance comparisons. Electrical and thermal demand data for a small office building
(511 m2 floor area) located in Atlanta, GA was obtained using the EnergyPlus [2009]
software. The reference building uses a CCHP system powered by a Stirling engine,
chiller, heating system, and an auxiliary boiler. Table 4.1 shows the simulation inputs for
the reference case. The reference case results are used to obtain a standard of comparison
for the analysis. An engine size of 7 kW was chosen for the reference case because it
corresponds closely to the average facility demand for the simulated year. The costs of
electricity and waste wood chips are assumed to be $0.097/kWh and $3.29/MBtu
($0.0112/kWh), respectively [Luke-Morgan et al. 2008, U.S. Dept of Energy 2008]. An
hour-by-hour simulation using the mathematical model presented in Chapter III was
carried out to obtain estimates for total cost and PEC for a year. Figure 3.2 presents the
electrical and thermal load data for the facility for a given year.
Table 4.1

Reference Case Simulation Inputs

Variable
Cost of Electricity ($/kWh)
Cost of Wood Fuel ($/MBtu)
PGU Power Output (kW)
SE Thermal Efficiency
Generator Efficiency
Hot HX Effectiveness
Cold HX Effectiveness
Heat Recovery Efficiency
Chiller COP
Boiler Efficiency
Heating Coil Efficiency

Symbol

ηSE
ηgen
εhhx
εchx
ηhx
COPch
ηB
ηhc
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Value
0.097
3.29
7
0.4
0.85
0.8
0.8
0.8
0.7
0.8
0.8

In addition to the mathematical model for the CCHP system, reference ratios are
defined for proper comparison to the sensitivity simulations. The cost reference ratio
(CRR) is defined as the increase or decrease in cost of the simulated system relative to
the reference case, denoted ref. This can be expressed
CRR 

Cost  Costref
Costref

(4.1)

The PEC reference ratio (PRR) is the ratio that gives the increase or decrease of the
simulated system relative to the reference case. It can be calculated as

PRR 

4.3

PEC  PEC ref
PEC ref

(4.2)

Results and Discussion
This section presents the results obtained from the hour-by-hour simulation using

the mathematical model and reference ratios for different operating conditions for the
CCHP system. Results excluding and including excess production are presented.
Efficiencies of each device were varied while keeping other parameters constant to show
how the PEC and cost for the system are affected by an individual component. The
results are presented in the form of CRR and PRR. Positive numbers indicate an increase
in comparison to the reference system, and negative numbers indicate a decrease (or
savings). CRR and PRR values of zero correspond to reference case conditions. Devices
analyzed include the prime mover and its embedded heat exchangers, heat recovery
system, boiler, absorption chiller, and heating coil unit. In addition, the influences of
engine size and fuel price are investigated.
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4.3.1

Excluding Excess Production
In this section, the effect of including excess production is not considered (Eexcess

= 0 in equation (3.11)). Figure 4.1 depicts the dependence of CRR on the cost of the fuel.
PRR is not included because fuel price does not affect the PEC of the system. The fuel
cost was varied up to $15/MBtu ($0.051/kWh). The CRR is shown to dramatically
increase with increasing cost of the fuel, illustrating the extreme important of fuel
selection based on price. For example, a fuel cost of $6/MBtu ($0.02/kWh) results in over
a 50% increase in the system‟s operational cost with respect to the reference case. This
figure also reveals a problem for current CCHP technology that primarily uses natural gas
for fuel. The price of natural gas ranges is about $13.65/MBtu ($0.047/kWh) for Atlanta
as of October, 2009. Figure 3 shows that if a fuel in the price range of natural gas was
used for this CCHP system, a cost increase of approximately 200% would result. This
further supports the need for implementing fuel-flexible prime movers such as the
Stirling engine along with making use of all available renewable fuel applications.
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CRR as a function of fuel cost
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12
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The influence of engine size on the CRR and PRR is presented in Figure 4.2. The
CRR is shown to decrease until an engine size of approximately 8 kW is reached and
increasing for more powerful engines. For an 8 kW PGU, cost savings of 1% compared
to the reference case is indicated. This figure indicates an optimum operating point for
the prime mover power output, and reveals that the chosen reference case engine size
does not correspond to that optimum. However, Figure 4.2 shows an increase of 5% in
PEC for an 8 kW engine. This illustrates that the best engine size for cost savings may
not be the best size for PEC reduction. The PRR is shown to continuously increase with
increasing engine size. This is due to more powerful engines requiring a larger fuel
energy demand, which leads to increases PEC. Engines that are smaller than the reference
engine (7 kW) are shown to yield savings in PEC. However, the smaller engines result in
an increase in operational cost. For example, decreasing the engine size to 5 kW results in
an 11% decrease in PEC and a 5% increase in operational cost. These results indicate the
potential trade-off between cost and PEC in the selection of the prime mover size.
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CRR and PRR as functions of engine size
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Figure 4.3 shows the variation of the CRR and PRR for a range of thermal
efficiencies for the Stirling engine prime mover. The CRR and PRR both decrease for
increasing engine efficiency. This can be explained by the fuel energy demand‟s
dependence on thermal efficiency, illustrated in equation (3.2). Larger fuel energy
demands are required for less efficient engines, which results in higher cost and PEC
values compared to the reference case. This figure illustrates the importance of prime
mover selection based on thermal efficiency. Savings are indicated for thermal
efficiencies larger than that of the reference case, and increases in cost and PEC can be
attributed to engines that are less efficient. For example, a Stirling engine with a thermal
efficiency of 30% increases the operational cost up to 17% while increasing the PEC by
21% compared with the reference case.
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CRR and PRR as functions of Stirling engine thermal efficiency
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Figure 4.4 depicts the influence of the effectiveness of the hot and cold side heat
exchangers housed by the Stirling engine. This figure reveals that the hot heat exchanger
effectiveness is of dominating importance regarding CRR and PRR. The CRR and PRR
are shown to be only slightly sensitive to the effectiveness of the cold heat exchanger.
The results indicate that high values of heat exchanger effectiveness (primarily the hot
heat exchanger) are desirable for the embedded exchangers. The fuel energy demand is
dependent on the effectiveness of this heat exchanger as shown in equation (3.2). Low
values of effectiveness result in higher fuel demand, which results in increases in cost and
PEC. These results indicate that special attention should be given to the design of the
Stirling engine‟s hot side heat exchanger when utilized as a CCHP prime mover. For
example, if the hot heat exchanger had an effectiveness of 0.6, approximate increases in
cost of 20% and PEC of 26% are indicated by the figure.
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CRR and PRR as functions of heat exchanger effectiveness
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The influence of the efficiencies of the boiler and heat recovery system on CRR
and PRR is presented in Figure 4.5. The efficiency of the heat recovery system is shown
to affect both CRR and PRR almost equally. For lower heat recovery efficiencies, less
energy is available for the absorption chiller and heating coil units. Hence, the boiler may
have to be utilized more often and PEC and cost will increase for heat recovery
efficiencies smaller than the reference case. The boiler indicates a similar trend as the
heat recovery system. If the boiler efficiency decreases, larger fuel demand is required to
supply the additional energy required for thermal demands. Therefore, increases in PEC
and cost are obtained. Slight savings are shown to be possible for larger efficiencies of
either device. Both of the devices are shown to only slightly affect the cost and PEC.
This can be attributed to the engine providing enough waste heat to exceed the building‟s
demands, which can be attributed to a constant power output application. Although some
of the waste heat potential is lost through the heat recovery system, a sufficient amount is
recovered over the range of efficiencies to satisfy the thermal demands. If the thermal
demand is satisfied by the heat recovery system, the boiler is not needed so additional
fuel demand is not required. This results in no change in the PEC and cost. This explains
the small changes in CRR and PRR.
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CRR and PRR as functions of heat recovery and boiler efficiencies

The variation of CRR and PRR as a result of varying the absorption chiller
coefficient of performance and the heating coil unit efficiencies are referenced in Figure
4.6. The chiller COP is shown to have a more dramatic effect on the change in PEC and
cost. This is indicative of the climate conditions for the building location. Cooling
demands are much more prominent than heating demands for a typical year in Atlanta,
GA. Savings are shown to be possible for values of COP greater than the reference case.
On the other hand, increasing the heating coil unit efficiency beyond the reference case
efficiency results in a negligible change.
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CRR and PRR as functions of heating unit efficiency and chiller COP

Including Excess Production
In this section, the effects of engine size and fuel cost are examined further by

considering the case when resale is available to the grid. When excess electricity is
produced, it can be sold back to the grid. This results in two additional advantages to
CCHP operation including a reduction of PEC relative to the power plant and a reduction
in cost seen by the consumer. These results illustrate the net changes in CRR for different
electricity buyback rates ranging from fifty percent of the import rate up to a twenty-five
percent increase over the import rate. In addition, the net change in PRR is also
presented. It is important to note that the reference case used for comparison does not
include results for excess production inclusion.
Figure 4.7 illustrates the influence of excess electricity buyback rate on the CCHP
system operational cost. The value of zero indicates no electricity buyback, which
corresponds to the reference case. The figure indicates a continuous decrease in CRR as
the buyback rate increases. The importance of buyback price is illustrated in this figure
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by indicating a decrease in cost of approximately 35% when electricity is exported at a
buyback rate equal to the import rate. In some cases where resale is available, buyback
rates up to 30% larger than import rates are available when using renewable fuels for
power generation. Figure 4.7 indicates a savings of up to 50% at this buyback rate. These
results indicate the importance of implementing a CCHP system where grid resale is
available.
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CRR as a function of electricity buyback rate (shown as percentage of
import rate)

Figure 4.8 shows the effect of fuel cost on CRR when excess production is
considered. As fuel cost increases, the CRR increases, but when excess production is
considered fuel price becomes a more flexible parameter. Figure 4.8 indicates that as the
buyback rate becomes larger, the fuel cost required for maintaining reference conditions
or produce savings becomes larger. Therefore, for the waste wood chips, as the buyback
rate increases, savings are incurred compared to the reference case. For example, for
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waste wood chip fuel and a buyback rate equal to the import rate, there is approximately
a 48% savings in cost compared to the reference case.
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CRR as a function of fuel cost including excess electricity buyback

The effect of engine size on CRR with excess production effects is shown in
Figure 4.9(a). In general, the CRR is shown to decrease and generate savings as the
engine size increases. For larger buyback rates, the CRR decreases more rapidly, which
indicates larger cost savings for a given engine size. For smaller engine sizes (less than 4
kW), the CRR is shown to be about the same. This is because at this power output, there
is not enough excess electricity produced to make a considerable difference. In fact, at
these engine sizes result in an increase in cost, which is in agreement with Figure 4.2.
When the PGU produces excess electricity, this represents a savings in PEC due to the
application of this electricity elsewhere without being produced at the plant. Figure 4.9(b)
shows the PRR as a function of the engine size when excess is accounted for. These
results indicate an optimum point for savings in PEC compared to the reference case.
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However, it is important to note that savings are evident over the entire range of engine
sizes shown when excess production is included. For example, at the reference case
engine size, a savings of approximately 17.5% is indicated. The PRR is shown to
decrease until an engine size of about 10 kW, where it begins to increase. At 10 kW, the
PRR reflects the largest savings over the reference case of about 18%. Figure 4.9(a) also
illustrates cost savings at this operating point for any of the buyback rates shown. These
results give intuition about how to size the prime mover. If excess production is not
included, the prime mover should be sized according to optimum cost, as shown in Figure
4.2. However, when excess production is considered the trend in Figure 4.9(b) indicates a
better usage of primary energy for all engine sizes with savings between 17% to 18%
PEC for engine sizes between 5 and 15 kW.
The results for cost can be examined further by finding the rates of change of
CRR with respect to each of the component performance parameters. This can be carried
out by fitting straight lines to the data presented in the figures at a point corresponding to
the reference case condition. The resulting slope shows the rate of change of CRR with
respect to the variation of the specific parameter. Table 4.2 presents the marginal rates
(MR) obtained from the analysis of the data presented in the figures. These marginal rates
can be directly used to obtain an estimate for the actual change in CRR with respect to a
change in a parameter (i.e, fuel cost). Marginal rates for cost return due to excess
buyback are also included for engine size and fuel cost. The change in CRR can be
estimated from the marginal rates and percentage change of a particular parameter (with
respect to reference case) from the following expression:
CRR  MR  Parameter %
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(4.3)
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Table 4.2

CRR Marginal Rates for Different Components

Variable
Fuel Cost
Fuel Cost Buyback Return
SE Thermal Efficiency
SE Hot Heat Exchanger Effectiveness
SE Cold Heat Exchanger Effectiveness
Boiler Efficiency
Chiller COP
Heat Recovery Efficiency
4 kW < Engine Size < 8 kW
8 kW < Engine Size < 12 kW*
Engine Size Buyback Return
*Use Reference 10kW instead of 7kW

Value
0.671
-0.48
-0.528
-0.554
-0.08
-0.097
-0.118
-0.08
-0.238
0.09
-0.76

For example, the change CRR resulting from a change in the Stirling engine
thermal efficiency can be calculated. For an engine efficiency of 0.3 (25% decrease),
(4.4)

CRR  0.528  (0.25)  0.132

Therefore, a cost increase of approximately 13% results for this change in efficiency.
This result agrees reasonably with the results shown in Figure 4.3 for a 30% efficient
Stirling engine. Similarly, the change in CRR due to fuel cost can be calculated while
accounting for excess buyback.
CRR  MR  FuelCost %  BuybackMR 

BuybackRate
IMPORTRate

(4.5)

For an increase in fuel cost of $2/MBtu ($0.0068/kWh) (60.8%) and an excess buyback
rate equal to the import rate,
CRR  0.671 (0.608)  0.48 1  0.072

(4.6)

Hence, a slight savings occurs for a fuel cost of $5.29/MBtu ($0.018/kWh) and an excess
buyback rate equal to the import rate. This result gives a reasonable approximation to the
results shown in Figure 4.8.
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4.4

Conclusions
A particular CCHP system must be evaluated based on its potential for reduction

in PEC and operational cost compared to conventional methods. The design and selection
of individual components that make up the CCHP system depend on which components
are the most crucial for cost and PEC reduction. The importance of an individual device
is influenced by the climate zone, and the facility‟s electric and thermal demand
characteristics. Therefore, an hour-by-hour simulation of a biomass-fired Stirling CCHP
system was carried out in this study to determine the system‟s sensitivity to variations in
operating conditions. For example, variations from the reference case due to changes in
fuel cost and engine size are investigated. Additionally, the effect of altering efficiencies
of the devices making up the system is examined. The results suggest that the most
important factors influencing performance of the reference system are the Stirling engine
prime mover and its embedded hot heat exchanger, fuel cost, and the absorption chiller.
Specifically, the prime mover size and efficiency have a significant influence on the cost
and PEC for the system. For example, if the reference system were to have a 20% percent
efficient engine, increases of over 50% would be seen for both cost and PEC. The results
also indicate an optimum operating point for the system regarding engine size. An engine
size of approximately 8 kW is recommended for the best cost of the system implemented
for the 511 m2 area facility located in Atlanta. However, this larger engine size indicates
a 5% increase in PEC for the system compared to the reference case. These findings
illustrate the importance of sizing and selection of prime movers. Highly efficient engines
are desirable, and an analysis of the trade-off between cost and PEC must be carried out
to determine sizing strategy. The Stirling engine‟s embedded hot heat exchanger is shown
to significantly affect cost and PEC. If the hot heat exchanger had an effectiveness of 0.5,
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increases in cost of 35% and PEC of 45% are indicated by the results. This is because the
effectiveness of the hot heat exchanger directly determines the amount of external heat
that must be supplied to the engine to produce a given load. A lower effectiveness
increases fuel energy demand, which leads to cost and PEC increases.
The cost of fuel exhibits the greatest influence on operational cost. For example,
increasing the fuel cost from $3.29/MBtu ($0.0112/kWh) to $6/MBtu ($0.02/kWh)
results in a cost increase of approximately 50%. This is due to the CCHP operation
requirements being based on fuel demand for the prime mover and supplementary boiler.
These results indicate the importance of considering renewable or alternative fuel
applications. For this simulation, using waste wood chips allowed for a reasonable fuel
cost, but common fuels such as natural gas are more expensive ($0.047/kWh) and result
in an operational cost increase of nearly 200%.
The effect of including excess production in the simulation was also investigated.
By utilizing the excess production through resale to the grid and use of electricity
elsewhere, decreases in cost and PEC can be obtained as compared to the reference case.
For example, when the buyback rate is equal to the import rate for electricity savings of
approximately 35% can be obtained. Smaller buyback rates are shown to result in savings
for engine size greater than 4 kW. Fuel cost is also shown to become a more flexible
parameter when excess buyback is included. Savings of up to 48% are indicated for a
wood waste fuel when the buyback rate is equal to the import rate. The PEC is shown to
decrease about 17.5% for the reference case engine size and between 17% to 18% for
engine sizes between 5 and 15 kW. These results indicate sizing strategy for the prime
mover. When excess electricity is not considered the prime mover should be sized for
optimum cost since the PEC continuously increase with the engine size. On the other
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hand, when excess is considered, the prime mover should be size depending on the
weight on the mix of cost versus PEC that is specified for any particular application.
Finally, the data presented in the figures was simplified for cost in terms of marginal rates
for CRR. These rates are shown to be useful for obtaining estimates for CRR when
varying different parameters of the CCHP system. Example calculations are carried out
for percentage increases of certain components, and shown to yield reasonable agreement
with the data presented in the figures. This type of analysis allows percentage variation of
several components (with respect to the reference case) at once to determine a total
increase or decrease in CRR.
In conclusion, this paper presents an analysis that reveals crucial factors in design
and implementation of a CCHP system. Prime mover and fuel selection are of grave
importance for any CCHP operation. The design and selection of components such as the
absorption chiller and heating coil unit can be based on typical thermal demands for
different climate zones. The importance of grid resale and its effects on PEC for CCHP
implementation is also discussed. Further investigation of specific operating schemes
could also result in favorable savings using CCHP. For example, the CCHP system could
be shut down at times when demand is low or insignificant. This type of operation for a
constant output engine could result in notable reductions in cost and primary energy
consumption as using conventional means could prove to be better economically and
energetically.
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CHAPTER V
THE STIRLING ENGINE AS A WASTE HEAT RECOVERY DEVICE
5.1

Introduction
The objective of this chapter is to model the thermodynamics of the Stirling

engine being used as a novel waste heat recovery (WHR) application. Estimates for
power output potential are obtained by performing a combined first and second law
analysis on the Stirling engine when a WHR fluid stream at a given temperature is
available to provide heat energy to the engine. This energy can be harnessed by the
Stirling engine to provide additional power output. Results for produced work, lost work,
and operating temperatures are presented as functions of the amount of heat input
required externally for the constant volume process and the heat exchanger inlet
temperature of the WHR fluid stream. The second law is used to obtain design bounds for
the engine on a basis of work output, thermal efficiency, and heat transfer to constant
volume. The percentage of total heat input to the constant volume process is shown to be
directly related to the effectiveness of the Stirling regenerator heat exchanger
effectiveness. The results indicate realistic bounds for design of the Stirling engine and its
regenerator. They also give general insight as to specific design conditions required for
different applications pertaining to operating temperature. An example application of this
analysis includes bottoming an internal combustion engine with a Stirling engine.
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5.2

System Overview and Analysis Assumptions
The system under analysis is the working fluid of the Stirling engine, which is

assumed to be air. Air is assumed to be an ideal gas with constant specific heats. Figure
2.1 illustrates a typical Stirling engine with associated entropy transfers. The P-V and T-s
diagrams of the cycle can be referenced in Figure 2.2. The Stirling engine is assumed to
operate at steady state at speed N S and isothermally with hot-side temperature T3 and
cold-side temperature T1. The dead volume is not considered in this analysis, but the
effect of imperfect regeneration is included. The cold-side temperature is input as a
constant for the analysis. On the other hand, the hot-side temperature is to be determined
from the inlet temperature of the WHR stream. The available WHR stream for this
analysis corresponds to the source stream shown in Figure 2.1(b). The source stream
could be provided from any application such as prime mover exhaust. The source stream
is assumed to be an ideal gas having the molecular weight of air with specific heat ratio k

 s . The heat exchanger outlet temperature of the stream is
= 1.37 and mass flow rate, m
limited to 383 K to prevent condensation of water in the products.
5.2.1

Reversible and Irreversible Work
The analysis of the Stirling cycle presented in this chapter will follow is similar to

that in section 2.3. However, the analysis in section 2.3 assumes a reversible process for
the heat transfer processes 3-4 and 1-2. Reversible boundary work may be calculated
using the following expression:
Wrev   PdV

(5.1)

The boundary work determined from Equation (5.1) must not be used when considering
irreversible work. Hence, the expression for heat transfer given by Equation (2.14) in
section 2.3.3 may not be used for an irreversible (real) process. The goal of this study is
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to consider the irreversible heat transfer and lost work due to entropy generation for the
air undergoing process 3-4. The irreversible work can be determined by a combination of
the first and second laws. This combination provides a quantitative measure of lost work
due to entropy generation in the working fluid. By estimating the lost work in a process,
realistic work outputs and thermal efficiencies from the Stirling cycle a given WHR
stream can be determined.
5.3

Mathematical Model of Irreversible Stirling Cycle
This section presents the equations used to model the Stirling cycle based on the

first and second laws. Firstly, a first law analysis is carried out to determine the
relationships between heat transfer and work for each process. The second law is then
applied in combination with the first law results to quantify the effects of irreversibility.
5.3.1

First Law Analysis
The effectiveness of the regenerator heat exchanger is a measure of how capable

the regenerator is in delivering enough energy to the air to reach the isothermal operating
temperature. The expression for the effectiveness is given by Equation 2.1.



T2'  T1 T4'  T3

T3  T1 T1  T3

(2.1)

The temperature of the regenerator is assumed to be the mean temperature as developed
in Equation 2.3(c) and discussed in Chapter 2. The mass of the air in the Stirling engine is
determined from the ideal gas law.

mair 

P1V1
RT1

(5.2)
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where P1 is the initial pressure (assumed atmospheric), V1 is the initial volume (total
volume of engine), and T1 is the isothermal cold-side temperature (assumed 310 K).
The external heat transfer processes at constant volume are a result of the
imperfect regeneration. The first law for these processes can be written as Equations
(2.16) and (2.17). Hence,

Q2'3  mair cv 1   T3  T1 

(2.18)

Q4'1  mair cv   1T3  T1 

(2.19)

where cv is the specific heat at constant volume for air, and  is the regenerator
effectiveness. The equations above illustrate that the magnitudes of the two constant
volume external heat addition and rejection processes must be equal. This is a result of
the definition of regenerator effectiveness given in Equation (2.1).
(5.3)

Q2'3  Q4'1

Process 3-4 for the Stirling cycle is an isothermal expansion process. The first law for this
process for an ideal gas gives:

Q34  W34

(5.4)

the process is assumed to be reversible, a similar result as given in 2.3.3 follows.

Q34,rev  W34,rev  mair RT3 ln a 

(5.5)

where a is the Stirling engine compression ratio given by

a

Vmax V1 V4


Vmin V2 V3

The total heat addition to the air in the Stirling cycle is the sum of the expansion heat
addition (3-4) and isochoric heat addition (2‟3).
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(5.6)

Qin  Q2'3  Q34

(5.7)

Of particular interest in this analysis is the amount of external heat addition occurring at
constant volume. Therefore, a parameter, x , is defined as the ratio of isochoric heat
addition in 2‟-3 to the total heat addition for the cycle.
x

Q2'3 Q4'1

Qin
Qin

(5.8)

Therefore, the actual heat transfer in process 3-4 is given by

Q34  1  x Qin

(5.9)

The total heat rejection from the air in the Stirling cycle is shown to be the sum of
the isothermal compression process 1-2 and the isochoric process 4‟-1 as presented in
section 2.3.3.

Qout  Q12  Q4'1

(5.10)

For this analysis, Q12 is not obtained by assuming a reversible process for the boundary
work occurring as in the previous analysis. The relationship above can be used with
Equation (5.8) to determine the isothermal heat rejection in process 1-2 as follows:

Q12  W12  Qin N Q  x 

(5.11)

where N Q is the ratio of total heat rejection to total heat addition for the cycle written as

NQ 

Qout
Qin

(5.12)

Equation (5.11) serves as an upper bound on the value x by noting that the magnitude of
the heat rejection in process 1-2 must be greater than zero. Hence,

x  NQ
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(5.13)

5.3.2

WHR Stream
This study assumes that the Stirling engine is provided with a fluid stream

harnessing recoverable waste heat. By performing an energy balance on the stream, the
total heat available from the waste stream can be estimated as:
 s c ps Ts ,in  Ts ,out 
Q s  m

(5.14)

 s is the mass flow rate, c ps is the specific heat at constant pressure, Ts ,in is the
where m
inlet temperature, and Ts ,out is the outlet temperature of the available recovery stream.
This available energy is assumed to be delivered to the Stirling engine at a given cyclic
frequency, N S (cycles/s). Hence,

Qin 

5.3.3

Q s
NS

(5.15)

Determining Isothermal Hot-Side Temperature
The statement for Q34,rev allows bounds to placed on the parameter x for the

reversible case. For a completely reversible process, T3 must be infinitesimally less than
the inlet temperature of the recovery stream, Ts ,in . Therefore, for the completely
reversible case, we can write
V4

1  x Qin   PdV  mair RT3 ln a   mair RTs,in ln(a)

(5.16)

V3

Based on the above expression, a minimum bound can be placed on x for a given
recovery stream inlet temperature.

x 1

mair RTs , in ln a 
Qin

(5.17)

It should also be noted that for a x  0 case, the regenerator is perfect (ε = 1). This means
that x must also be greater than zero for any recovery stream inlet temperature for an
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imperfect regenerator. By using the constraint given by Equation (5.17), iteration of the
corresponding values for x and T3 with Equation (2.16) reveals a relationship between x
and the regenerator effectiveness,  . The iteration is used to determine a clear
relationship between the x parameter and regenerator effectiveness. This allows the
calculation of the hot-side temperature of the engine. Figure 5.1 shows the results for
iterations over a range of recovery inlet temperatures. The results show that the
relationship between  and x can be reasonably estimated as:

 ( x) 1  x

(5.18)

1
0.9
0.8
0.7
0.6
ε

0.5
0.4
0.3
0.2

y = -x + 1

0.1
0
0

Figure 5.1

0.2

0.4

x

0.6

0.8

1

Iteration results for x and ε

The above relationship allows the hot-side temperature to be determined free of
dependence on x . This follows from a combination of Equations (5.18) and (2.18).

T3  T1 

Qin
mair cva

(5.19)

The temperature T2‟ can now be determined by combining Equations (5.18) and (2.1).

T2'  1  x T3  T1   T1
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(5.20)

For a perfect regenerator (x=0), the temperature T2‟ should be equal to the hot side
operating temperature T3 as verified by the above relationship.
5.3.4

Combined First and Second Law
In a real process, the work in process 3-4 cannot be determined by Equation (5.5).

The second law states that entropy generation for a system undergoing a process results
in lost work due to the associated irreversibility. The reversible work associated with a
process must be offset by some amount of lost work when considering an irreversible
process [Bejan 2006]. Hence,

Wirr  Wrev  Wlost  Wrev  To S gen

(5.21)

We can apply this result from the combined first and second law to obtain an equation for
the irreversible heat transfer in process 3-4 for the Stirling cycle:

Q34  1  x Qin  W34,rev  To S gen34  mair RT3 ln a   To S gen34

(5.22)

As a result, the following is true of the heat transfer in the irreversible process 3-4:

(1  x)Qin  mair RT3 ln(a)

(5.23)

A new bound on x can now be determined from the inequality in Equation (5.23). The
equations developed thus far allows a complete set of bounds for the parameter x .

1

mair RT3 ln a 
 x  N Q and x  0
Qin

(5.24)

for any value of N Q .
The variable N Q was previously defined as the ratio of total heat rejection to total
heat addition. This ratio is directly related to the thermal efficiency for the cycle as shown
below.
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 ST 

Wnet
Q
 1  out  1  N Q
Qin
Qin

(5.25)

The second law states that no heat engine can exceed the efficiency of the Carnot engine
operating between two temperature reservoirs. Therefore, we can place bounds on N Q by
using the Carnot efficiency for the Stirling engine operating between T3 and T1 as follows:

T1
 NQ  1
T3

(5.26)

It is important to note that when N Q  1 the heat rejection is equal to the heat addition and
no net work is produced. For this case, the thermal efficiency for the engine would be
zero, justifying the upper bound on N Q . The net power output for the cycle is the given
by the product of the net cycle work and the cyclic frequency of the engine. This can be
written as





W net  Q34  Q12 N S  (1  x)Qin  Qin N Q  x  N S  Qin 1  N Q N S

(5.27)

where N Q is subject to the previously determined constraints. This result indicates that
the net power output is not directly dependent on the parameter x . This is a
reinforcement of the result from Chapter 2 which showed that net work was not
dependent on the effectiveness of the regenerator. However, it should be noted that the
net work output is indirectly influenced by x due to its bound relative to N Q . For any

x  N Q , the heat transfer process 1-2 would contradict being a rejection process because
Q12  0 . This reinforces the upper bound previously determined for values of x . The
entropy generation and lost work in process 3-4 can be determined directly from
Equation (5.22).

90

5.4

Case Study
In this section, the model developed in section 5.3 was applied to a case study to

determine preliminary estimates for power output and Stirling operating temperatures for
a given WHR stream inlet temperature. In addition, the expansion work and lost work
due to entropy generation in the isothermal heat addition process 3-4 are quantified as
functions of the constant volume heat transfer parameter, x . This parameter is related to
regenerator effectiveness, which is a useful design parameter. Table 5.1 shows the
simulation inputs for a source inlet temperature of 700 K. The mass flow rate was chosen
from an array of experimental measurements from a 1.9 L industrial diesel engine.
Table 5.1

Simulation Inputs
Input Parameter
Stirling Compression Ratio
Stirling Total Volume
Gas Constant, Air
Specific Heat Constant Volume, Air

Variable
a
V1
R
cva

Value
3
0.002 m3
0.287 kJ/kg-K
0.718 kJ/kg-K

Stirling Initial Pressure
Ratio Specific Heats, WHR Stream
WHR Stream Outlet Temperature
Dead State Temperature
WHR Mass Flow Rate

P1
k
Ts,out
To
ṁs

1 atm
1.37
383 K
298 K
0.05 kg/s

Figure 5.2 shows the Stirling engine hot-side operating temperature (T3) as a
function of the WHR stream inlet temperature (Ts,in) ranging from 500 to 900 K. This
range was chosen as reasonable based on potential WHR applications for the engine (i.e,
internal combustion engines exhaust recovery). The operating temperature is shown to
increase as the inlet temperature of the WHR stream increases, which verifies the model
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produces expected results. This can be explained by increased energy available from the

T3 (K)

stream due to a larger temperature drop.
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Figure 5.2

Variation of hot-side operating temperature with WHR stream inlet
temperature

Figure 5.3 shows the minimum bound on NQ ( NQ  T1 / T3 ) given by the Carnot
efficiency as a function of the WHR stream inlet temperature. The minimum allowable
value of NQ is shown to decrease as Ts,in increases. This can be explained by the trend for
T3 in Figure 5.2. As the inlet temperature increases, T3 also increases, which should
decrease the minimum bound for a fixed cold-side operating temperature T1 as indicated
by Equation (5.19).
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Variation of minimum heat rejection to heat addition ratio as a function of
WHR stream inlet temperature

Figure 5.4 shows how the minimum bound for x varies with the WHR stream
inlet temperatures. The minimum value for x (x > 0) is shown to increase with increasing
stream inlet temperature. This indicates that at increased temperatures, for the given
WHR stream outlet temperature, more heat transfer must occur to the constant volume
process than for lower temperatures. This can be further explained by stating that
increasing the total temperature drop for the recovery stream increases the amount of heat
transfer required for the constant volume process as dictated by the second law. It is
important to note that for stream inlet temperatures of 625 K and below, minimum x
values were calculated to be zero, which is impossible. Therefore, this particular system
requires stream inlet temperatures greater than 625 K. Lower inlet temperatures illustrate
the possibility of larger regenerator design flexibility since minimum bounds on x are
lower.
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Variation of minimum bound on parameter x as a function of WHR stream
inlet temperature

For a WHR stream inlet temperature of 700 K, the respective bounds for x and
NQ are determined as follows:

0.164  x  N Q

(5.28)

0.475  N Q  1

(5.29)

The temperature difference between the isothermal hot-side temperature (T3) and the
temperature after the regenerator (T2‟) is a direct indicator of the effectiveness of the
regeneration process as shown in Equation (2.1). Therefore, the temperature T2‟ should
vary with the amount of heat addition required for the constant volume process. Figure
5.5 depicts the variation of T2‟ as a function of the constant volume heat transfer
percentage, x (bounded by above). As x increases, this temperature is shown to decrease,
or become further away from the hot-side operating temperature. For larger values of x ,
the required heat transfer to constant volume increases, meaning that an increasing
amount of energy is required to raise T2‟ to T3. This must imply that the difference
between T2‟ and T3 must be larger as x increases.
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Variation of regenerator outlet temperature T2‟ with x bounded for Ts,in =
700 K

Figure 5.6 shows the work and lost work for process 3-4 as functions of x for the
given WHR stream inlet temperature. For the minimum value of x , the extracted work is
at its highest with minimum lost work. As x increases, the amount of heat transfer
available for the isothermal process decreases, and the expansion work will also decrease.
The lost work is shown to increase with increasing values of x . This can be explained by
Equation (5.22). As x increases, the amount of heat transfer that extracts useful work
decreases for the fixed heat input to the system, which leads to increases in the offset of
reversible work. This increases the entropy generation for the process and increases lost
work.
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Figure 5.7 shows the variation of the net power output with the thermal efficiency
of the engine (ηST) for a x value of 0.3. It is important to note that this chosen value is
less than all NQ bounded above. Further, the net work is independent of x as long as this
requirement is met. The thermal efficiency was calculated directly from equation (5.25)
for the respective bounds on NQ The power output is shown to decrease with decreasing
efficiency (increasing NQ). The maximum power of the engine of about 9 kW
corresponds to that at the Carnot efficiency (a bound incapable of being reached). In
practice, a Stirling engine efficiency of 30% is optimistic, in which case the power output
is shown to be approximately 5 kW. This result illustrates how the second law bounds in
efficiency limit the performance of the cycle.
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Conclusions
The results obtained provide estimates for power outputs for a Stirling engine‟s

performance (efficiency) that is bounded by the second law of thermodynamics. By
determining the limits on the constant volume heat transfer process, sizing and design
issues regarding the regenerator can be further investigated. Investigation of the work
producing expansion process reveals that the amount of work produced by the engine is
directly dependent on how much of the available heat energy is used in the constant
volume process. No work is extracted during this process, and as the constant volume
heat addition required increases, less of the heat input is available for work extraction.
This observation indicates the relationship between the effectiveness of the regenerator
and the work producing process 3-4. In addition, by determining the bounds on the
constant volume heat addition parameter, x , sizing concern for the surface area for heat
transfer in the heater section can be investigated for a given WHR stream energy
availability (Qin). The results also indicate that increasing temperature of the inlet stream
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for a fixed outlet temperature increase the amount of heat transfer that must occur at
constant volume. Hence, maintaining a constant temperature drop across the heater could
result in more design flexibility for the Stirling regenerator. By designing the heater
surface area and the regenerator for a constant temperature drop of the heating stream,
optimum performance can be reached. However, this may necessitate inclusion of an
additional heat exchanger between the Stirling engine and the WHR stream for high
temperature applications.
The applications of this analysis are broad in the scope of WHR. An analysis for
specific temperature applications can give insight to optimum design constraints for the
Stirling engine operating as a WHR device. Some applications may include bottoming
internal combustion engines or other power generation cycles that produce amounts of
heat rejection favorable for recovery applications. By bottoming power producing
devices, these systems can provide additional power, which increases the total power
output of the system for a fixed amount of fuel requirement. This results in higher fuel
conversion efficiencies and lower brake specific emissions where applicable. Both of
these advantages represent goals to be attained to overcome the crisis pertaining to
energy demand and cost and harmful pollution.
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CHAPTER VI
CONCLUSION
This study has examined the Stirling engine in the context of its potential as an
alternative prime mover for power generation methods and as waste heat recovery device.
The first and second laws of thermodynamics were used to determine favorable operating
and design characteristics for the engine suited to any application. In particular, the effect
of unavoidable dead volume and imperfect regeneration on the engine‟s performance was
investigated from a standpoint of thermal efficiency and power output. Results for total
heat addition, net work, and thermal efficiency were all presented as functions of dead
volume percentage of the engine and regenerator effectiveness. The results indicate that
increasing the dead volume while decreasing regenerator effectiveness of an engine
increases the heat addition requirement, decreases net work, and decreases thermal
efficiency. The analysis was extended using the second law to determine the
irreversibility associated with the heat transfer processes for the cycle. In particular, the
entropy generation due to heat transfer was calculated for the hot heat exchanger, cold
heat exchanger, and regenerator. The individual contributions of entropy generation due
to heat transfer in each of the heat exchangers were quantified relative to the overall
entropy generation between the source and sink. For example, at high regenerator
effectiveness, say 0.8, the entropy generation from both hot and cold side heat exchangers
is minimized. But, at low regenerator effectiveness, say 0.2, the hot-and cold-side heat
exchangers experience maximum entropy generation. The effect of varying the hot side
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temperature on entropy generation contribution from each heat exchanger was also
investigated. The results suggest that at high regenerator effectiveness and lower hot side
temperature (500 K), the hot heat exchanger entropy generation dominates, while at
higher temperatures (900 K) the regenerator is the largest contributor. These results give
insight into design constraints for heat exchangers based on operating temperatures
resulting from different heat source applications (solar, combustion, etc.). Advances in
Stirling engine technology can become more prominent as thermodynamics analyses such
as these become standards for engine design parameters for specific applications.
The use of the Stirling engine as a CCHP prime mover was also suggested as a
potential alternative power generation method. An energetic model of a constant output
biomass-driven Stirling engine CCHP plant was developed to determine estimates for
yearly primary energy consumption and cost. An hour-by-hour simulation was carried out
using building electrical and thermal demand data for a small office building in Atlanta,
GA along with the mathematical model. Results for PEC and cost were presented as
functions of fuel cost and engine power output. In addition, the results were compared to
results obtained from conventional power generation methods and a natural-gas-driven
Stirling CCHP system. The effect on overall PEC and cost was also investigated for a
situation in which excess buyback was available. When grid resale is possible at the
import rate, a limiting fuel price for cost savings was estimated to be $23/MWh. The
biomass-driven system was shown to be capable of up to 50 percent cost savings when
compared to conventional means, while the natural gas system was shown to increase
cost by 85%. Due to the fuel-flexible nature of the Stirling engine, its application could
prove useful when fuel can be selected based on cost alone. This type of system is shown
to have potential for cost savings while increasing PEC. However, this system could
100

result in cost and PEC increases when the cost of fuel is high and resale to the grid is not
available.
The proposed CCHP system was simulated with the objective of determining how
each of the individual components affects the performance of the entire system. This
sensitivity analysis was carried out by varying the efficiency of a particular component
while holding all others constant. The flexibility in design and implementation of the
CCHP can be inferred as a result of this analysis. Furthermore, the effect of varying the
engine power and fuel cost is investigated. The originally proposed system (Chapter 3)
was used as the reference case for comparison when varying the other parameters. The
results were obtained for including and excluding excess buyback. The most important
factors influencing performance of the system are the Stirling engine prime mover
(thermal efficiency) and its embedded hot heat exchanger, and fuel cost. A sizing strategy
is also revealed by comparing the results including and excluding grid resale. For
example, when excess electricity is not considered the prime mover should be sized for
optimum cost since the PEC continuously increases with the engine size. On the other
hand, when excess is considered, the prime mover should be sized depending on the
weight on the mix of cost versus PEC that is specified for any particular application. The
sensitivity of a limiting fuel cost (for cost savings) is shown to be sensitive to the
electricity buyback rate when resale is available. For increasing buyback rates, the
limiting fuel cost is shown to decrease. This further reinforces the increase in design
flexibility for the system when grid resale is available.
Using the Stirling engine as an application for WHR was also discussed. In
particular, the engine was assumed to have a waste heat stream available to it from which
to harness energy for the Stirling cycle. A thermodynamic model was developed to
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determine important parameters that affect the performance of the engine. The first law
was used to determine the available energy provided from a WHR stream at a given heat
exchanger inlet temperature. This energy balance was combined with the first law
analysis of the Stirling cycle machine. Second law analysis was performed to determine
proper bounds on constant volume heat transfer required for the processes to occur. By
using these bounds, the combined first and second laws were used to obtain results for
hot-side operating temperature and power output for a given exhaust temperature. In
addition, the irreversibilities associated with the work in the expansion process are
quantified through lost work for the process. The results indicated that from a standpoint
of Stirling engine design, it may be beneficial to design the engine to operate for a given
temperature drop of the waste heat recovery stream. As the WHR stream inlet
temperature increases, the amount of heat transfer that must occur at constant volume is
shown to increase. Therefore, fixing the temperature drop for the WHR stream could
allow design for minimal heat transfer for the constant volume process for applications of
various temperature ranges (i.e, more effective regenerator design).
Understanding the thermodynamics of the Stirling engine allows for proper
improvements to the design process based on specific application. This study presents
specific applications for the prime mover including CCHP and WHR. CCHP has proven
to be a potential means for more efficient, decentralized power generation. Using the
Stirling engine for CCHP provides a low maintenance prime mover with extensive fuel
flexibility. However, the engine‟s efficiency is shown to be limited within the constraints
of critical design of dead volume and regenerator effectiveness. In addition, the Stirling
engine is problematic for handling transient loading. Hence, operational strategies other
than constant power output are difficult to achieve. For this situation, the results show
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that grid resale is a requirement for savings in cost and minimizing PEC. This adverse
characteristic could be countered by proposing the use of the engine as a bottoming cycle
for some other power-producing plant, where the ultimate goal is to provide additional
power from the same fuel source. The Stirling engine is an excellent candidate for this
type of application due to its nature of only required a heat source to operate. For
example, the engine could be used as a bottoming cycle for an internal combustion
engine in a variety of applications (stationary, transport). However, it is important to note
the disadvantage in Stirling engine power density. In general, large Stirling engines are
needed for power outputs that can be achieved by much smaller IC engines. Applications
in transport can be viewed as unlikely due to this constraint. When space is not a concern
(some stationary applications), this disadvantage is only a minor issue to be considered.
In conclusion, the Stirling engine presents itself as a viable candidate for an alternative
prime mover in both alternative and conventional means of power generation.
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